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CHAPTER I
INTRODUCTION

The des;gn of a modern wind tunnel together with its
ahops, offices, and laboratories such as the 8-foot tran~
sonic tunnel or the Unitary Plan lj= by li=foot supersonic
tunnel designed by and bullt for the Natlonal Advisory
Comnmittee for Aeronautics located at Langley Field, Va.,

requires the combined efforts of scores of engineering and
sclentific personnel., Civil, structural, mechanical,
electrical, and aeronautical engineers, physicists, metalw
lurgists, architects, mathematicians, and chemists pool
their scientific abilitlies to produce this gigantic, high
powsered, multimillion dollar research facility necessary to
the development of modern and fubure alrcraft.

Although sclentific achievements today, at the
beginning of the atomlc age, are phenomenal compared with
50 or even 25 years ago, 1t is still impossible, apparently,
to produce something that fulfills its purpose, completely
and efficiently, within the laws of the universe, wilthout
unwanted or debtrimental byproducts. Wind tunnels are no
exceptions One important, unwanted byproduct of wind
tunnels is noise.

It is the purpose of this thesis to record results of

éxperisnce, investigations, and theoretical development, for

1
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noise and vibration control for wind tunnels, by the author
while acting in the capacity of structural designer for the
National Advisory Commitiee for Aeronautics at Langley Field{
Va. The material contalned herein 1s offered as an aid to
the structural engineer in the original design of the main
structure and its appurtenances or, in part, as modifica-~
tions to a complated structure.

Nclsé%and vibration control for wind tunnels is a
specialized sub ject. However, most of the material con-
talned herein, if considered individually, hes much more
general app}ication as will be noted. In fact, two of the
topics, helical springs and turning vane support, are
arranged as self-contained units in the appendix due as
much to their general applicatlon as to thelr lengths of

" context.

The following material offered as nolse and vibration
eontrol may be classified into two parts; quantitative and
qualitative control. Quantitative control is the treatment
for which predictions can be made that can be reasonably
verified by testing. Qualitative control is the treatment
which logically and by experience has merit but cannot
easily be verified by testing. Although the degree of merit
is unknown, so far as nolse and vibration control are

concerned, other advantages, resulting in increased strength
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and economy, make the qualitative control measures discussed
herein worth consideration,

Nolse control shall be defined as: the acoustic
treatment necessary to reduce the nolse level, at a specific
location, a predetermined amount without inhibiting the
functions of the nolse source and the auditors by more than
a predetermined acceptable amount. The term audltor refers
to a person, instrument, or piece of equipment that is
concerned wlth nolss., Nolse control, as defined above, 1s
not merely noise reduction but includes reasonable
predictions for the noise reduction and the loss of
efficiency, if any, of the noise source and the auditors,
The problem is frequently complicated by the exlstence of

several noise sources or one or more primary sources or one

‘or more secondary sources. Therefore, the noise control

problem may include the evaluation of the primary and
secondary noise sources, the relative importance of each,
and the application of acoustic treatment for one or more
of the noise sources. In special cases, the acbustic
treatment may neglect the nolse sources and be applied to
the audifors in such form as sound proof rooms, booths, or
containers, helmets, and earplugs.

In general, the noise control problem is not simple.
Very few problems are similar but most problems contribute

useful experisence for fubure application. Paradoxically,
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noise reduction may be quite simple in concept. Given
sufficient material and labor, most nolses may be
effectively eliminated before reaching the audltors.
However, the expenditure of material and labor may be
impractical in the sense that an acceptable reduction in
noise level and efficlency might be accomplished with much
less expenditure. Thus noise control may be simply defined
as practical noise reduction.

Since nolse represents dynamic or vibrational energy
having amplitude and frequency within the audible range, the
problems of nolise control and vibration control are related,
For, if vibration is eliminated, noise 1s nonexistent.
However, the converse does not necessarily follow, While a
noise generator has vibration, control of the noise, so far
as the auditors are concerned, may have little or no effect
upon the vibration. Only if noise and vibration have
detrimental effects, do control problems arise. The
detrimental effects may or may not be obvious slnce the
gsensitivity of the audltors, equipment and supporting
structure is dependent upon many factors. The nolse intensity
and quality that can be tolerated by auditors, especially
human beings, generally 1s more determinant than the vibra-
tional intensity and quality that can be tolerated by

machinery, supporting structure, and instruments., This 1s



due, principally, to the fact that human beings, as
auditors, are able to register complaints and so indicate
sensitivity.

The detrimental effects of nolse upon the average
human auditor are dependent upon, primarily, the intensity
and frequency of the noise reaching the auditor and, second-
arily, the function of the asuditor. The effects vary, in
Increasing order, from minor annoyance, loss of efficiency,
headaches, nausea, to actual pain and possibly permanent
physical damage. Annoyance and loss of effleciency are
dependent upon the auditor's function. For instance, 1f the
function of the human auditor 1s to sleep or recuperate from
11lness, his tolerance to nolse may be conslderably less
than otherwise. Furthermore, the annoying or distracting
effects of nolse are greater for those human auditors
engaged in skilled and professional duties than for those
engaged in unskilled or routine duties. Figures 1, 2,
and 3 1llustrate the effects of nolse upon human auditors.
These figures are the results of hundreds of tests and
represent averages; consequently, any'particular auditor may
deviate from the average. However, these figures are useful
in predicting the detrimental effects that may be produced

by a noise generator,
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Generally, the detrimental effects of vibration are
even more difficult to predict than noilse. Frequently, it
isn't until failure of some sort or malfunctioning of
machinery or equipment occurs that harmful vibratory motion
is apparent. However, in most cases, vibration control is
less difficult than noise control.

Since neoise and vibration are related, it is advan=~
tageous, from the standpoint of sconomy, to provide
treatment that will control both, Any treatment that
decreases the amplitude of vibration will have a corre=
sponding effect upon nolse, It is sometimes possible, by
structural modification, to change the vibrational frequency
spectrum of a wind tunnel so that both noise and vibration
control result..

Careful consideration should be given to the type and
amount of acoustic treatment to be applied to a wind tunnel,
It is expensive and impractical to attempt to reduce the
nolse level below an acceptable maximum amount which will be
governed by the average existing background nolses and the
comfort and efficliency of the auditors. This should be
determined in advance and then noise control measures
planned to reach that objective. Hany features can be
incorporated in the design of a wind tunnel that have other

advantages as well ag noise and vibration control.and effort
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should be made to include as many of these in the original
design as 1is feasible.

If a wind tunnel exlsts, is in operation, and proves
to be a noise generator to an objectionable degres, the
problem ofanoise control may be less complicated than 1f the
wind tunnel is still in the design stage. A noise‘survey of
the existing wind tunnel can be made, the frequencles
analyzed, the location of the primary and possibly several
secondary noise sources determined and then modifications
made for controlling the noise. For the case of the wind
tunnel in the design stage, considerable difficulty may
arise in making reasonable predictlions for the nolse level,
frequencies, and primary and secondary sources, but if this
can be accomplished, then the nolse control measures can be
more easlly incorporated in the original design and construc-
tion than as modificatlions after completion. It follows,
therefore, that predetermination of primary and secondary
noise sourceé and their intensity and quallty has great
advantage for noise control and considerable effort should
be expended for that achlievement. There 1s no general
method, to the author'!s knowledge, of pfedicting the general -
noilse characteristics of a wind tunnel other than a
comparison with similar exlisting structures. Experience has
shown, however, that whlle a quantitative analysis may aot

be accomplished, qualitative measures for nolsse control may
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be incorporated in the original design, and allowances made
for additional acoustic treatment after completion and
operation of the wind tunnel, at which tims, noise
measurements can be obtained to determine the extent of the
additional treatment required.

In general, the noise energy of a wind tunnel is
genarated principally by the fan or compressor and has a
spectrum with ma jor components corresponding to the first-.
several harmonica of the fan, The first harmonic of the
fan, in cycles per second, will be the revolutions per
second times the number of blades. However, the nolse
spectrum may not correspond to the fan harmonics as dafinedv
above if the fan blades pass in close proximity to objscts
in the air gtream guch as supporting members, counter vanes,
and other fan blades but may contain components of higher
intengities and frequencies than those if the air stream
obstructions were nonexistent. From the standpoint of
qualitative noise control, it is advantageous to keep air
stream obstructions as far removed from the fan as
structural and aerodynamic requirements will permit;

The function of a wind tumnel 1s to impart kinetic
energy to the air stream in the form of a maess movement of
air and to direct this movement by structural configuration
80 that controlled welocities are obtained at the test

section. The fan imparts kinetlc energy to the air stream
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consisting of two parts; energy of motion of the alr as a
whole, and dynamic or oscillatory energy. The dynamic
energy ia valueless and generally objectionable, for that
part of the dynamic energy with amplitude and frequency
within the audible range ls noise., Furthermore, since the
energy output of the fan is limited, the dynamic energy
within the air strgam represents a functional loss for the
wind tunnel, for from the law of conservation of energy,
less mass flow energy is avallable., Dynamic energy, in
addition to that directly imparted by the fan, is created
within the alr stream by turbulent alr flow conditions.
Usually, turbulent flow results from changes in configuration
of the tunnel structure and the presence of obstructions in
the alr stream such as structural supporting members and_
turning and counter vanes, The dynamic turbhulent energy,
like that imparted by the fan represents a functional energy
loss and is a noise generator as well., From the standpoint
of qualitative noise control, it is advantageous to
eliminate or prevent the creation of as much dynamic energy
within the air stream as is feasible, which, of course, 1is
desirable for tunnel efficlency as well and usually considera
tion is glven to turbulence prevention in wind tunnel design.
In the original design, if more consideration wers
given to the prevention and elimination of dynamic energy,
it is quite possible that the required amount of acoustiec
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treatment, of the type that has no other function than

3%> acoustiec treatment, would be appreciably lessened with the
added advantage of & more efficient tunnel, The design of
a multistagse fan system with low rotational velocities
compared with conventlonal fan systems, would have a great
effect in reducing the dynamlic energy at its source. A
satisfactory system of this type might not prove feasible
but might well be worth investigating.

Experience at Langley Fleld has shown that installa- i
tion of turbulence damping screens in the wind tunnel
settling chamber has had excellent results in>decreasing
turbulence in the test section. The turbulence damping
screens conslst of several, closely woven, small dliameter
wire screens, preloaded and elastically supported by helical
springs and installed parallel to each other and perpendicu-
lar to the tunnel axis. The drag losses through properly
designed screens may be all or in part regained by the
conversion of turbulent dynamic energy to masss flow energy.
While gquantitative acoustic data are not avallable at
present, it is reasonable to assume that the turbulence
damping screens have merit for noise control.

A method of partially absorbing the dynamic energy of
the air stream is to install absorptlion material in the form

of acoustlic baffles at convenient locations in the tumnel

¢ircuit. This method is discussed in chapter II. The
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acoustic baffles effect an appreciable noise reduction by
converting a portion of the dynamic snergy to heat. Like
the turbulence damping screens, the drag losses through the
baffles ma& be partially regained by conversion of turbulent
dynamic energy to ma%s flow energy.

Two sources of nolise enefgy within the wind tunnel
air stream have been discussed; the dynamic energy generated
by the fan, and the dynamic energy due to turbulence.
Additional sources of noise may exist, particularly in the
vicinity of the test section, such as the nolse g@nerated by
shock waves, the induced noise due to model configuration,
and the noise due to the fact that the model may be a
powered source, Since the author has gathered very 1little
information concerning test seqtion nolse, no recommendas
tions will be made in this paper for nolse control measures
to be incorporated in the original deslign of the test
section. However, after completion and operation of the
tunnel, if the test section noise is objectionable, a noise
insulating blanket, as discussed in chapter III may prove
effective.

Another source of noise within the tunnel alir stream
" is that generated by obatructions not rigidly fastened., For
instance, it is common practice to rigidly fasten the “
turning vanes at one end and provide guided supports at the

other end to allow for thermal expansion and contractlion.
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These gulded supports often become loose and due to the
action of the air strean, 1nduced}vibratory motion occurs
generating nolse and frequently fatigue failures. From the
standpoint of qualitative nolse control it is gooQ practice
to rigidly fasten, wherever feasible, all obstructions. One
new tunnel at Langley Fleld has been designed with the
t&rning vanes acting as structural members, alding the
elliptical corner rings in supporting the c&rner loading.
Each end of the turning vanes is rigidly fastened to the
corner ring so that the ring and vanes act as a structural
unit. The vanes contribute materlally to the rigildity of
the unit so that the required cross section of the ring
results in a plate instead of a large rolled or bullt-up
member. The vanes are no longer structural parasites, for
in addition to their function of changing the air stream
direction, they contribute to over-all rigldity of the
tunnel structure. A discussion of turning vanes, combined
a3 an integral unit with elliptical corner rings, is
included as appendix A,

Generally, the noise generated by a wind tunnel will
most concern those auditors stationed outside the tunnel
gtructure., Alrborne noise will reach the auditors directly
through openings in the tunnel structﬁre if any exist such
as air exchange towers, and by radiation from the tunnel

structure. The direct airborne noise may be controiled
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entirely or in part by acoustic baffles, as discussed in
chapter II, by deflecting the nolse away from the auditors,
and by providing a tortuous passage for the nolise to reach
the auditors. High frequency noise has greater directional
characteristics than low frequency nolse so that the methods
of deflection and provision of tortuous passages will have
greater effect with high frequencles than with low, The
noise radiating from the tunnel structure is caused by
induced vibrations of the structure and consists principally
of two parts; the vibrations induced by the dynamic air
stream energy and the vibrations induced by solid or
structure~borne energy. The structure-bornernolse can be
reéuced by the inelusion, in the tunnel design, of vibration
breaks which may be defined as a change 1n configuration and
continulty of the structure of such form that the transfer-
ence of solid borne vibrational energy past the change in
continulty is eliminated or appreciably reduced. The most
effective vibration break would be an air gap or the absence
of solid contact which for most tunnels would be impractical.
However, effective and practical vibration breaks can be
designed for which the change in continuity 1s represented
by an elastic medium such as a helical spring.

The ma jor portion of the solid borne vibration 1is
created in the vicinity of the tunnel drive motor and it is

expedient to isolate this section, so far as is feasible,
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from the remainder of the structure. Other vibration breaks
may be incorporated as part of the sxpansion joints, several
of which are generally required in the tunnel circuilt to
pernit compensatlion for thermal expansion and contraction.
Sseveral wind tunnels at Langley Field have selastically
supported expansion joints which also serve as vibration
breaks. The helical springs, fuénishing the elastic medium,
are designed for both axial and lateral movement and permit
thermal adjustment while contributing vertical support. A
discussion of helical springs subjected to comblned loading
is included as appendix B.

In general, the noise radiating from the tunnel
structure will be diminished or at least be capable of more
effective control if the tumnel structure is stiff rather
than flexible. This may not always be true but within the
scope of the authorts experience, and from the standpoint of
qualitative nolse control, increased stiffness has merit.
Possibly, this arises from the fact that 1increased stiffness
increases the natural frequencies of the tummel structure and
its component parts and that the frequencles of the major
components of the impressed force for most wind tunnels are
relatively low so that resonance tends to occur only at the
higher frequencies where the amplitudes are small., The
tendency for true resonant conditions to exist at high

frequencies 18 gmall for there appears to be more structural
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damping in a stiff structure than in a flexible one. Since
the frequencles of the major components of the impressed
forces are relatively low compared to the natural frequencies
of the stiff structure, the major components will not be
amplifled and what amplification occurs will be at the higher
frequencies which are more easily controlled by noise
insulating blankets as indicated in chapter III. It follows
therefore, that greater noise control success will generally
be obtained from a stiff, sturdy structure than from a
flexlible structure. It should be pointed out that ﬁhe
feature of incorporating turning vanes as structural corner
supports contributes materially to the stiffness of the wind
tunnel. Usually, it is impractical to effect noise reduc-
tion by increasing the tunnel shell thickness, for from
chapter III, it 1s seen that doubling the weight of the
shell reduces the nolse only 3 decibels. A noise insulating
blanket wlill be much more effective for the same expenditure.
The two methods of quantitative nolse control, acoustic
baffles and nolse insulating blankets, discussed in
chapters II and III, respectively, are particularly effective
at high frequencises but not at low frequencies., The low
frequency components of noise are troublesome to control,
Apparefitly, the only effective means of controlling low
frequency noise generated by wind tunnels 1is by the

inclusion, within the tunnel circuit, of resonating chambers
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tuned to the predominating low frequencles. Thls method is
comparatively new and will not be discussed in thls thesis,
One method, purely speculative, that may have qualitative
merit for the control of low frequency noise is to design
portions of the tunnel structure, and the supporting system
for the acoustic baffles and turbulent damping screens so
that their nataral frequencles sasre resonant or nearly so with
the predomlnant low frequency components of the generated
noise. A portion of the nolse energy would therefore be
converted to heat due to the work done upon the structural
system. A certain amount of damping would probably be
necessary to prevent excessive vibrational amplitude.

The remainder of this chapter will be devoted to a
general discussion of noise and vibration control measures
that have been incorporated in the design and construction
of several wind tunnels forming part of the physical plant
of the National Advisory Committee for Aeronautlcs located
at Langley Field, Va.

Figure . is an aerial photograéh of the 1lé6-foot
transonic tunnel which, recently, has been repowered and
modifled. Before rsepowering, the noise level, while high,
could be tolerated and vibration was never a serlous
problem so far as the tunnel structure was concerned, It
was believed, however, that noise and vibration control

measures would be necessary to compensate for the effects
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FIGURE &

16-FOOT TRANSONIC TUNNEL
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of the new power plant. The treatment, incorporated as part
____ j of the modifications, consisted of four parts:

(1) Enclosing the tunnel fans in a massive consrete

housing

(2) Installing acoustic baffles in the alr exchange

tower

(3) Stiffening the tunnel shell

(L) Providing vibration bresks between the steel

connecting shells and the concrete fan housing
It was anticipated that, at best, the above treatment would
keep the noise level to about the same as that before
modification and that vibration would be adequately con-
trolled. 1If, after operation of the new power plant, the
noise level could not be tolerated, further treatment in the
form of an insulating blanket could be applied to the tunnel
shell and the air exchange tower walls.,

The function of part 1, the massive housing, shown 1in
the lower portion of Figure h, 1s to contaln the noise
generated by the fans so that the drive section will not be
the major source of nolse radiation. Furthermore, due to its
massiveness, the amplitude of vibration in the vioinity of
the drive section 1s minimized.

The function of part 2, the acoustic baffles, is to
attenuate tKe alrborne noise emitted from the louvers of the

air exchange tower. In addition, the baffles attenuate,
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somewhat, the nolse rédiating from the walls of the atr.
exchange tower. Figure 5 is a photograph of a poftion of
the acoustic baffling system.

The function of part 3, tunnel shell stiffening, is
to preclude the possibility of vibration and fatigue fallures.
The stiffening, in this case, contributes 1little or nothing

to the reduction of the over-all noise level., Figure 6 is &

photograph of the alr exchange tower and adjacent portions

of the tunnel shell clearly indicating the stiffening
members.

The function of part li, the vibration break, is to
reduce the structure-borne noise and vibration transferred
from the concrete fan and motor housing to the steel con-
necting shells. The connecting shells are supported by
nests of helical springs which in turn are supported by con-
crete brackets integral with the housing. The shell amd
housing are separated by an alr gap, thelr only contact
being the springs. A neoprene seal prevents air and dirt
from leaking into the alr stream. Filgure T ls a construction
photograph of the inside tunnel loop showing portions of the
connecting shells, concrete housing, and spring nests.
Supports for the connecting shells are as far removed from
the drive housing as is practical in order to mihimize the
tranasmittance of vibration through the earth. Due to the

length of connecting shells from the nearest anchor poinﬁ,
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FIGURE 6

AIR EXCHANGE TOWER
16-FOOT TRANSONIC TUNNEL
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FIGURE 7

DRIVE HOUSING AND CONNECTING SHELLS
16-FOOT TRANSONIC TUNNEL
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the vibration bresk has the auxlliary function of expansion
joint. The helical springs are subjected to both axial
forces due to the dead load of the shells and lateral

. deflection due to thermal elongation and contraction of the
shells. PFigure 8 1s a construction photograph of one of the
four spring nests. Grouting of the base plate has not been
completed.

The two 8-foot wind tunnels are shown in the aerial
photograph, Figure 9. Both tunnels contain acoustic treat-
ment. The upper tunnel, the 8~-foot transonic pressure
tunnel, contains a noise insulating blanket complétely
enclosing the shell except for several access doors and
expansion jolnts. The blanket is rigid, consisting of two
layers each of concrete and mastic supported by a framework
of metal lath and angles which, in turn, 1is supported by the
outer flanges of the support and stiffening rings. A typical
detall of the nolse insulating blanket 1s shown 1ln Figure 10.

The lower tunnel of Figure 9, the 8-foot transonic
tunnel, has a heavy concrete shell with an inside steel
liner. The heavy walls, for this particulsr tunnel, effec-
tively insulate the nolse. The air exchange tower contains
an acoustic baffling system, similar to that for the lé-foot
transonlc tunnel.

Filgure 11 contains construction photo;faphs of a

typlcal mitered junction for the Unitary Plan L~ by L-foot
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ABSORBING SUPPORTS FOR CONNECTING SHELLS
16-FOOT TRANSONIC TUNNEL
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FIGURE 9

8-FOOT TRANSONIC PRESSURE TUNNEL
8-FOOT TRANSONIC TUNNEL AND LABORATORY

28



29

2" SHoTcrRETE OR FQuAL
WIRE FABRIC 4"»x 4" No. @

I/}
INSULMASTIC OR ERUAL
/ /‘IEXPANDED METAL LATH

L" Mo. 16 0.9T LBs./FI.?

T T T 7T s
_,_" ,1 “ N
TR T LD s e T iy

- 7 ~ = SRR LS T~
ko L T X AN
i S AN AN \/\\1%%%
p 4 2 — i~ 2
AP ~=
/ ~
/ ¥
A S TUNNEL
/ SL:::RT 2 0., O
- ! \ -
/ /]
~ ' ~~ BN AN AN AN
\— TUNNEL SHELL

TYPICAL SHELL INSULATION

&-FoOT TRANSONIC PRESSURE TUNNEL

Fig. |0



30

THNNNAL DINOSHH4NS LOOL-t Ad -t NVId AYVIINQ
NOILONNC TEYAIIW Y04 IMOddNS HNVA DNINYNL

TIT RNDIA

-
.
. Ammm@

ety

S

-

s




31

supersonic tunnel. The turning vanes are welded to the
inside surface of the elliptical plate reinforcing ring.
Without the support obtained from the turning vanes, the
reinforcing ring would, of necessity, be much heavier. 1In
addition, the vanes contribute to a more rigid structural
system without the detrimental effects of sliding connections.

Figures 12 and 13 are construction photographs of
turbulence damping screens located in the T7- by 10-foot
high-speed tunnel. The screens, four in number, are fine
mesh, woven stalnless steel wire elastically supported by
helical springs.

Chapter IV, representing an example of noise and
vibration control computations, includes further details and

photographs of noise and vibration control treatment.



FIGURE 12

TURBULENCE DAMPING SCREENS
7- BY 10-FOOT HIGH-SPEED TUNNEL
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FIGURE 13

TURBULENCE DAMPING SCREEN DETAILS I=79257
7- BY 10-FOOT HIGH-SPEED TUNNEL
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SYMBOLS

coefficient of sound absorption

croas-sectional area of duct (gross), £t2

solild cross-sectional area of baffles, £t2

cross-sectional open area of duct (net), £t

surface area of absorption material, ft2

velocity of sound-in air, ft/sec

friction coefficient

diameter of circular duct (gross), ft

nolse pressure level of any.erQuency component,
decibels

diameter of clear opening of circular duct (net), ft

difference in noise transmission loss between two
different materials, decibels

difference in noise pressure level between any
frequency component and the maximum frequency
component, decibels

noise pressure level of maximum frequency component,
decibels

reduction in effective nolse transmission loss for
insulation materlal due to the fact that the
materlal contains k percent of material number two
having greater acoustic transmittivity than material

number one, decibels
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noise attenuation or reduction obtained by acoustic
treatment, decibels

total nolse‘pressure level of all frequency
components, decibels

noise pressure energy of any frequency component,
dynes/'cm2

noise pressure energy of maximum frequency component,
dynes/om?

noise pressure senergy of base, 0.0002 dynes/bm.

total nolse pressure energy of all frequency
components, dynes/cm?

frequency, cycles/sec

friction factor

friction drag force, 1b

acceleration of gravity, 32.2 £t /sec?

height of rectangular duct (gross), ft

clear height of rectangular duct (net), ft

friction loss, ft

noise intensity reaching auditor within room,
watts/’cm2

noise intensity of nolse source outside room,
watts/ome

relative amount of 8 surface area of noise insu-
lation material with respect to total area, percent

length of acoustic baffles or absorption material, ft
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m hydraulic radius, ft

mass ailr flow, slugs/sec

n number of acoustic baffle channels
p static pressure (absolute), lb/'ft2
Py, power loss, ft-1lb/sec

q dynamic pressure, lb/ft2

volume air flow, f£t3/sec

R radius of circular duct (gross), ft

R Reynolds number

Re clear radlus of circular duct (net), ft

RF noise reduction factor, decibels

8 surface area of nolse insulation material

t thickness of acoustic baffles or absorption

material, ft
temperature, OF absolute
total transmittance of room walls, ft2
total absorption of room walls, £t£2
velocity of air flow, ft/sec

B2 < o =3 93

width of rectangular duct (gross) or center to center
spacing of acoustic baffles, ft
o clear width of rectangular duct (net) or clear
spacing between acoustlc baffles, ft
% ratio of the noise pressure energy of any frequency
component to the nolse pressure energy of the

maximum frequency component, percent



summation of ratios defined above, percent
roughness factor, ft

coefflcient of viscoslty, slugs/ft sec
kinematic viscosity, ft2/sec

density, slugs/ft7

acoustic transmittivity

angular frequency, radians/sec

37
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CHAPTER II

ACOUSTIC BAFFLES

The type of acoustic baffling system considered here
consists of panels, arranged as ribbon walls, parallel to
each other and to the desired direction of alr flow. Thelr
purpose 1s to attenuate noise carried in the air stream
flowlng past thelr surfaces. Each panel unit is approxle
mately li inches thick and consists of two perforated.metal
plates enclosling a sound absorbing material of mineral wool,
Generally, it is important to provide a minimum of restric-
tion to the alr flow so, usually, each ribbon wall is
provided with leadinge-edge and tralling-edge fairing. The
baffle system considered here 1s similar in principle and
purpose to the "splitters" commonly found in ventilating
ducts.

Prom reference 1, the nolse attermation through a
duct having interior wall surfaces lined with sound
absorbent material equals

- 1.4 .
Dp = 1.05a Tfi' (2.1)

where DR equals the nolse attenuatlion in decibels; a
equals the absorption coefficient; Ag equals the surface

area of absorption material; and A, equals the cross

38
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sectional open area of the duct. The units for Ag and
Ay, must be the same.

Equation (2.1) applies to both rectangular and
circular ducts with or without internal baffles or
splitters. Filve cases will be discussed, three for
rectangular ducts and two for circular duets, which cover
the duct systems most commonly used. Two of the cases have

particular application for wind tunnels.

Case 1

Figure 1} 11lustrates a rectangular duct with all
interior surféces lined with sound absorbent material having
a uniform thickness equal %o g, a length equal to L, and
an absorption coefficient equal to a. The surface area of

absorption material will equal
Ag = 2(W « £)L + 2(H - t)L (2.2)
and the ecross sectional open area will equal

A = (W= t)(H =-t) (2,3)

(o]

Let We and H, represent the clear width and clear
height, respectively, so that
Wcﬂgg"’t
(2.44)
Hy= H =t
then equations (2.2) and (2.3) may be written

E
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Ag » 2L(W, + Hy)

(2.5)
Ao = WoH,
Using equations (2.1) and (2.5), the noise attenuation
through the dﬁct will equal
DH = 2.18.1.24' w;"' A 4 'i%" (206)
[ ¢ ‘

Cagse 2

Flgure 15 11llustrates a rectangular duct with all
Interior surfaces lined with sound absorbent material having

a uniform thickness equal to k and length equal to L.

The interlor of the duct 1s diiided into n equal cells by
equal spaced rilbbon Wali baffles having uniform thickness ¢
and length L., The absorption coefficient for the walls and
baffles 1s assumed to equal &, The surface area of

absorption material will equal
Ag = 2nL(W - t) + 2nL(H - t) (2.7)
and the cross sectional open area will equal
Ao ® n(W = t)(H = &) (2.8)
Using equations (2.4), equations (2.7) and (2.8) become
Ag = 2nL(¥We + H,)

(2.9)
‘ AQ = n@eﬁe
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Combining equations (2.1) and (2.9), the noise attenuation
through the duct wlll equal

Dp = 2.1a1°“(% . ’ﬁ&‘) (2.10)
. c

Case 3

Figure 16 1llustrates a rectfngular duct with the side
surfaces lined with sound absorbent materlal having a uniform
thickness equal to ‘§ and a length equal to L. The top
and bottom surfaces are unlined. The interior of the duct
1s divided into n equal cells by equal spaced ribbon wall
baffles having uniform thlckness + and length L. The
absorption coefficient for the side walls and baffles is{
assumed to equal & and for the unlined top and bottom

gurfaces 1s assumed to equal zero. The surface area of

absorption material will equal
Ay = 2nHL (2.11)
and the cross sectional open area will squal
Ay = nH(W - t) (2.12)

Using equation (2.l), equations (2.11) and (2.12) may be

written

Aa = 2!1LH
Ao = ﬂW&H

(2.13)
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Combining equations (2.1) and (2,13), the noise attenuation
through the duct will equal

Dp = 2.2at7H L (2.1)

c

Cass g

Figure 17 1llustrates a circular duct with the interior
surface lined with sound absorbent material having a uniform
thickness equal %o g, a length equal to L, and an
absorption coefficient equal to a., The surface area of

abgsorption material will equal
Ag= w(D - %)L (2.15)
and the cross sectional open area will equal

A s X(D - t)2 (2.16)

° K
Let D¢ and Rg represent the clear diameter and clear
radius, respectively, so that

Dc # D =~ 1

Rcﬂ.z..
then equations (2.15) and (2.16) may be written

wR.2
A, = TR,



CASE 4
As = 2l Re
Ao = T RS
Dk = 21att
Ke

FlG. 17

L6
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L7

Using equations (2.1) and (2.18), the noise attenuation
through the duct will equal

Dg = 2,121k L (2.19)
C

Case 5

Pigure 18 11lustrates a circular duct divided into n
equal width cells by equal spaced ribbon wall baffles having
uniform thickness t, length L, and absorption coefficient
a. The absorption coefficient for the unlined perimeter of
the duct 1s assumed to equal zero.

The equation of a circle with center at the origin of

the Cartesian coordinates x and y may be expressed

y = R[l - (%)2] v (2.20)

If x varies in equal increments such that

-

Xo= 0
x1= W

X5 = 2W (2.21)

x,ka kW

gt 2 nW
&”/2'3 —é—ﬂR

1,
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then

Yo = R = &I

B )2-1 1/2

N

B

I

i
—~
B
~—

|
L

Ynf2 =0

L9

(2.22)

Equations (2.22) represent the vertical height of any

baffle in one quadrant of the duct, The total height of all

baffles for all quadrants will then equal

Y
Ynu<§+yl+y2+o-oyk"'oooyn/a) (2023)

Using equations (2.22), equation (2.23) becomes

=3 1/2
- 2
Y = 2nW .gz: + i lj - (-%15-):' (2.2))

kel n

where the term under the summation sign is a function of

alone and may be written

n

loa 2 /
£(n) = 3+ 52 [ - (%‘-‘)2]1 i (2.25)

k=1
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then equation (2.2ly) becomes
Y = 2nWf(n) (2.26)
The total surface area of the baffles will equal
Ag= 2YL (2.27)

The s0lid cross sectional area of the baffles will equal,

aprroximately,

Ag = ¥t (2.28)

-

The cross sectional open area of the duct will equal,

approximately,

A, = TR® - Ap

o

nW
and, since R = )

Ay w -Z"'-;(nw)2 - Yt (2.29)

Using equation (2.26), equations (2.,27) and (2.29) may be

written

Ag = LnWLf(n)

r L (2.30)
A, = 2;1%[%-?« - tf(n):l

y
The term f(n) 18 approximated very nearly by the equation
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£(n) = %“(1 - 9—‘-7—2~8) (2.31)

n

then

n

Ay = 2nw(%ﬂ)% -t (1 - &%?-@)]

For all practical applications, n 18 sufficiently large so

Ag = Lg_nwL(.%ﬁ)(l - 9-:-73.@)
7 '(2032)

' that the factor

(1 i} 9.%2_5) 3 (2.33)

then, using equation (2.l), equations (2.32) become

As = gnz"%
(2.34)

Ao = Inww,

Combining equations (2.1) and (2.3l;), the noilse attenuation

through the duct will equal

D

. l.q4 L
g 2.dabh L (2.35)

Since the noise attenuation equations for all five
cases have the same general form, it is convenient to
describe all five cases by a single graph, Figure 1 is an
alinement chart for equations (2.6) and (2.10) which also
applies, with slight modification, for equationms (2.1l),

=
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(2,19), and (2,35). Equations (2,1l) and (2.35) are

satisfied when éL equals zero and equation (2.19) is
c

gatisfied if é: is assumed to equal éﬁ and when ét
equals zero,

The critical factor in the formulas for noise
attenuation is the absorption coefficient a,., MNany facto?s,
apparently, influence this value Including the method of
measurement., The mo;t common method of determining the
sound absorption properties of wvarious materials is the
reverberation room method described in references 2, 3,
and li. References 2 and 5 tabulate many different materials
and their absorption coefficients. However, the absorption
coefficients, determlined by the reverberatlion room method,
do not seem to be compatable with the nolse attenuation
theory for ducts developed in reference 1 and reprssented
by equation (2.1). Figure 20 is a graph of absorption
ecoefficient against frequency for eight panels tabulated in
reference 5 of the type used for acoustic baffles. This
graph is included here only as an illustration of the
results obtained from the reverberation room method and its
use ls not recommended.

Figure 21 illustrates the authorts concept of the
relationship between the absorption coefficient a of the

acoustic baffles or absorption material and the frequency
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f of the nolse in the duct. This curve, to be used with

the noilse attenuation formulas represented by Figure 19, is

based upon miscellaneous test data obtalned from many sources

and should be consldered an approximation as there 1is
considerable scatter of the various test points.

Factors that probably influence the absorption
coefficient of any particular baffle are the per cent
absorption area (the size and spaclng of the perforations)
and the density of the mineral wool sound absorbing
material. The sffect of these factors is not included here
with the exception that Figure 21 lists information for a
typical baffle and unless the deviations from the typical
are large, Figure 21 should glve reasonably good results,
Another factor having Influence upon the noise reduction
through acoustlic baffles is the natural frequencies of the
ribbon walls as installed. No attempt is made here to
evaluate this factor.

The structural design of the acoustic baffls plates,
stiffening members, and fastening devices will depend upon
the particular application and the forces exerted upon the
system. Due to the dynamie nature of the loading, care
should be taken to Insure that fatigue stressing and stress
concentrations are not critical, When the air strean,
passing through the baffles, 1s moving at high velocities,
particular consideration should be given to the possibility

o
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that the alr flow may not be uniform, especlally when there
is a sharp change in direction of the air stream before
réaching the vaffleg. This effect may be manifested as high
local velocities through portions of the baffles and lesser
velocitlies through other portions resulting in increased
loading and stresses upon the system. Also, if there 1is
rapid change in temperature, such as occurs by dischargs
from pressure vessels, thermal loadlng must be considered.

In order for acoustic baffles, installed within the
air stream of a wind tunnel, to have merit, the power or
drag losses through the system must be able to be tolerated,
In other words, the function of the source (the air stream)
must not be inhibited by more than a predetermined
asceptable amount,

Reference 6 discusses the flow of fluids in ducts
with particular emphasis on hydraulic flow, However, the
theory discussaed there will prove useful in developing
approximate methods for determining the drag and power
losses of the air stream through acoustic baffles.

From reference 6, the head loss in friction in feet

of the fluild equals

wg LY
he Cf;g’z‘g (2.36)
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where

L. %3 (2.37)

V is the mean velocity of fluid in feet per second, g is
the acceleration of gravity, and Cp 1s the friction
coefficient., The power loss dus to friction will equal

where p 18 the density of the fluid in slugs per cubic
foot, Using equations (2,36) and (2.37), equation (2,38)

may be written

Pr, ¢ SOrehgV’ (2.39)
or
P = FpV (2.39)
where
Fp = CpAgq (2.40)

is the drag force in pounds and

g = ZpV° (2.41)

is the dynamic pressure in pounds per square foot.

From reference 6, the friction coeffieient equals

Cf“' f: (2014-2)

s
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where f 1is the friction factor. Both Cy &and f are
dimensionless. From reference 6, f may be determined by

the expression

1 2
TF " 2 10310(%§) + 1.74 (2.43)

where m equals the hydraulic radius in feet and g 1s the
roughness factor in feet. Using equation (2.43),
equation (2.42) becomes

Cr = (2.444)

1
16 Eogm(%ﬂ) + o.aa2

which enables the friction coefficient to be determined for
any particular duct if the roughness of the duct surfaces is
known.

The hydraulic radius m may be expressed

m = g~ (2.45)

and for cases 3 and 5, generally applicable to wind tunnels,

using equations (2.13) and (2.3l),

Wo
m = 3 (2.16)
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Equation (2.4l;) may then be written

1

2
L 13W
16 Eogl 0(15;..@]

Reference 7 tabulates roughness factors for gases corre-

Cr = (2.47)

sponding to varlous kinds of duct surfaces. These factors

written as equations (2.48)

¢ = 0,0000015 foot - very smooth

corresponding to drawn tubing

e = 0,00015 foot - medium smooth
corresponding to new steel or wrought

iron pipe

& = 0,0005 foot - average % (2.48)

corresponding to galvanlzed iron

e = 0,003 foot - medium rough

corresponding to average concrete

®
]

0.01 foot - very rough

corresponding to average riveted stesl
o

are presented for comparative purposes. The particular

value of roughness factor &, that would most nearly apply
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to acoustic baffles is unknown for experimental data are
lacking. The very rough condition is probably conservative,

Figure 22 is a graph of equation (2.47) using
factors (2.48) and represents the friction factor Cs¢ for
air flow through acoustic baffles for the condition of

turbulent flow where

YL
v

R=-> 5 x 10° (2.49)

where R 1s the Reynolds number and v 1s the kinematic

viscosity in square feet per second.
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CHAPTER III
NOISE INSULATION

Noise attenuation, by insulation, 1s the reduction of
nolse by the placement of & barrier between the noise source
and the auditor. The barrlier may be pervlous or impervious,
flexible or rigld and its function is to eliminate the
transmission of direct alr stream energy from the source to
the asuditor. A vast amount of test data has been compilled
by many sources concerning nolse transmission loss for
practically every conceivable building material. Refer-
ences 8 and 9 tabulate much of this data.

In the past, it was generally believed that, in order
for insulation material to be effective, the material had to
be both rigld and dense. Several authorities had developed
various mass or weight laws for which substantiating test
data appeared to be compatible. 8Since each mass law
satisfies one particular set of test data and not another, it
appears that the method of testing Influences the results. .
Within the past 15 years much more Information has been
produced concerning the standardization of test procedures
and the investigation of lightweight flexible blankets.
Reference 10 presents the basic theoretical information
necessary for the design of nolse attenuating lightweight,
flexible blankets but since the subject is vast, still

63
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relatively undeveloped, and lacking in test data 1t will
not be considered here. ‘

Reference 11 presents a discussion of noise attenu-
ation through single walls from the mass law standpoint,
taking into account the flexibility of the system. From

reference 11

Dr = 10 logyg v2 - 10 loglo[éoge(l + bzi] T (3.1)
where
= &0 .
LI v (3.2)

and o 1s the angular frequency, o 1is the surface density
of the wall, o 1is the air density, and ¢ 1is the velocity
of sound in air. For the condition of 20° centigrade air

temperature, equation (3.2) may be written

_ fo

b = 37 (3.3)

where f 18 the circular frequency in cycles per second and
o 1s the surface density of the wall 1in pounds per square
foot. Figure 23 is a graph of equations (3.1) and (3.3) and\
applies principally to homogeneous single walls. However,
Figure 23 has application for nonhomogeneous lightweight
blankets 1f used with care.
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For noié%:aontrcl of wind tunnels, the purpose of a
noise insulating‘Blanket, whether rigid or flexibls, is to
attenuaté the noise radiating from the tunnel shell. It may,
depending upon the particular application, have an auxiliary
funcetion aswthermal insulation. The blanket must be durable
and if exposed to the elements should have a weather
resistant protective cover., Frequently a plsasing external
appearance is Ilmportant. All of these requirements can be
accomplished with commercially available materials.

The basic principles for designing a noise lnsulating
blanket are very important. Most important 1s to provide an
air space of at least several 1nches between the duct shell
and the Inside blanket surface. If the blanket is to conslst
of porous lightweight material, such as mineral wool, one or
more lmpervious septa are required. Usually, one fmpervious
septum 1s sufficlient and can also serve as a weather A
reslstant protective cover on the outside face of the
blanket. The weight of the septum per square foot of
surface area should not be less than 25 per cent of the
welght of the mineral wool., Any reasonably dense material
may serve as a septum. Suggested materials are steel, wood,
concrete, plaster, aluminum alloy, and preformed or sprayed
on asphaltlc or vinyl base compounds.

Lightwelght blankets of mineral wool with an

Fd

Impervious septum of asphaltic or vinyl base compounds have
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a wide range of.uéefulness. They are light in weight and do
not require an extenslve supporting structure. They are
flexible and pliable and will withstand considerable thermal
movement of the duct shell without damage. They are
relatively easy to install over irregularly shaped contours,
Portions of the blanket can be easily removed and replaced
for access to the duct shell,

Design data for noise insulatling blankets are
contained on the graph Figure 23. This is a weight law
graph and will glve excellent results when used
discriminately. Comments for the use of thils graph are
included below:

(a) The attached graph Figure 23 is a plot of noise
attenuation against surface density with a parameter of
noise frequency., Thils graph applies to damped, single layer
impervious panels, If the panels are undamped, consilderable
discrepancy will occur between actual results and theory for
the condition of imposed nolse frequency being at or near
the natural frequency of the panel.

(b) For the condiﬁion of multilayered impervious
panels, lightweight blankets, or a combination of both, the
nolse attenuation may be considerably greater than indlcated
on the graph, using the total surface density of the
individual layers,:
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{¢) In summary, impervious, single layered panels
will have a nolse attenuation in close agreement with the
weight law formula except for the condition of resonance;
multilayered panels will have a noise attenuation at least
as great as indicated by the weight law formula. The
resonance restriction épplies to multllayered panels as
well as to single layered panels but 1s much less llkely to
occur,

(d) Superimposed upon the graph is a Bureau of
Standards average curve for frequencies from 100 cycles per
second to 2000 cycles per second. Thls average curve may
be used when there is no knowledge of the imposed frequency.

(e) Considerable effort should be made to predict the
first harmonic of the imposed frequency as it is apparent
from the graph that there is conslderable variation in noise
attenuation depending upon the parameter nolse frequency.
For the case of a wind-tunnel fan, the first harmonic is
relatively simple to obtain as it 1s the revolutions per
second times the number of blades.

As mentioned in chapter I, the acoustic treatment for
noise control may neglect the noise sources, and instead, be
applied to the auditors in such form as sourdproof rooms,
etc. References 8, 9, 12, and 13 discuss the attenuation
of nolse through partitions, with particular emphasis upon

the architectural acoustics of rooms. It is, however,
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convenient to include an analysis of noise insulation for
rooms, based upon the theory discussed in references 8, 9,
12, and 13, but developed in such manner that 1t can be
readlly extended to the use of insulating blankets for wind
tunnels.

Nolse control for audltors, in the form of acoustlc
treatment for rooms, must take in consideration the fact
that most rooms will have certain portions of wall, floor,
and ceiling areas different in construction and material
from the remainder. For lnstance, doors and windows are
gensrally different in materlal and construction from the
remalnder of the surface areas and willl have coefficlents
of sound transmission or acoustic transmittivity different
from the other portions. Furthermore, openings such as
cracks between the door and frame, key holes, and open
windows transmit nolse disproportionately in excess of the
opening size. 1In addition, the absorption characteristics
of the interior surfaces of the room will affect the
intensity of nolse reaching the auditor.

From references 8 and 9

Is _ U
TE =7 (3.4)

where Iy 1s the intensity of the nolse source outside of

the room, Iy 1s the intensity of the noise reaching the
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auditor within the room, U 1is the total absorption units
of the room walls, and T 1is the total transmittance of the
room walls. The assumption is made that a diffuse sound
fleld exists for both the source and the room interior and
that a nolse of intensity Iy exists for all boundaries of
the room. When the outside intensity 1s different for
different parts of the boundary, as is often the case, each
part of the boundary must be considered separately.

The total absorption units will squal
U = ay8; + 8,585 + 8383 P (3.5)
and the totsl transmittance will equal
T = 118] + Tpsy + Tx83 + . . . (3.6)

where ay, ap, az, etc., are the absorption coefficients
for varlous portions of wall surfaces s3, s, 83, etc.,
and T3, T, T3y etc., are the corresponding coefficients
of sound trensmission or acoustic transmittivity for the
wall surfaces.

The noise reduction factor, in decibels, will equal

RP = 10 logyq = = 10 logy, g (3.7)

51

where U and T are defined by equations (%.5) and (3.6),

respectively. For the particular condition of one portion
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of the room (for instance, a partition) being subjected to
external nolse while the remaindser of the room boundaries

are not then

T8 (3.8)

3
i

and

RF = 10 logyg, ﬁ% (3.9)
which may be written

U

RP = 10 logyy = + 10 logy,

where U 1s the total absorption units of the room walls

and s 1s the area of the partition or panel. The term

1 _

10 log,, = = Dy (3.11)
is defined as the transmission loss of the panel. Values
for Di may be obtained from the tabulated data contained
in references 8 and 9 and from the graph of Figure 23,
Therefore, for the condition of one panel transmission,
using equations (3.10) and (3.11), equation (3.7) becomes

RF = D

U

r * 10 loglo

When equation (3.12) 1s rewritten as

U
Dg = RF = 10 logyq 3 (3.13)
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it is in the form used for the experimental determination of
noise transmission loss. Two rooms are used, the source room
and the recelving room. Both rooms are highly reverberant
and heavily insulated so that external nolse entering the
room is negligible, The rooms are separated by an opening
where test panels can be mounted. Generally, the opening is
sufficlently large to preclude the possibility that the
method of supporting or clamping the boundaries of the test
specimen will affect the transmission loss measurements
significantly. Once the panel is mounted in the opening,
measurements are made in the receiving room to determine the
number of sbsorption units U. Noise is generated in the
source room, usually a warble tone, and measurements made to
determine the level in both the source and recelving rooms.
The difference 1n noise levels, of the source and receiving
rooms, is the nolse reduction factor RF. Knowing RF, U,
and 8, the area of the test panel, the transmission
loss Dy 1is determined from equation (3.13).

Consider the condition of a room whose walls consist
of only two different materials, each having a noise

transmission loss different from the other. Then

T = 11'81 + 287 (30114)
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Let

82 = 165 (3.15)

where s 1s the total wall area and k 1is the per cent of

sp area to the total area. Then

8 = 8y + T%B 8 (3.16)
and
51 = (1 - 1¥g)® (3.17)

Using equation (3.11), the acoustic transmittivity for
material number 1 will equal

T, = 10"DPl1/10 (3.18)

and for materiasl number 2

~Ds /10
10 R/

T, (3.19)

Combining equations (3.7), (3.14), (3.15), (3.17), (3.18),
and (3.19), there results

U

RF = 10 log 3
- , 10 =Dy, /10 -Dr,, /10
<§ _ k‘>10 R1 k R2
L

— e
100 10
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which may be wrltten

- DR2/10 __L( DR1/10 _ ; oPR2/10)

RF = Dg + Dgp - 10 1og10E0 +=5=(10 - 10 +
U

Let

be the difference in noise transmission loss between

material number 1 and material number 2. And let

Dpy - RF = D, (3.23)

be the reduction in effective nolse transmission loss for

the entire room due to the fact that the walls contain

k per cent of material number 2 having greater transmittivity
than material number 1. Using equations (3.22) and (3.23),

equation (3.21) becomes

- kx_(,,Pp/10 g
D, = 10 10gloE. + ‘i‘b“é"(lo - - 10 10g10 s (5'2}-#)

If the absorption coefficlent for the wall surfaces is

uniform, or nearly so, then

U = as (3.25)
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and

D, = 10 10810E + -il-é—é(loDD/lo - 1)] - 10 logjgp & (3.26)

Equation (3%.26) can be extended, approximately, to
the case of a blanket enclosing a wind-tunnel shell.
Frequently, the insulating blanket will contein disconti-
nuities such as access doors which are necessary for
operation and maintenance. These dliscontinultles generally
represent a small percentage of the surface area but may
have considerably greater acoustic transmittivity than the
blanket and therefore allowing dlsproportionate transmission
of nolse. For the case of a wind tunnel outdoors, the
absorption coefficlient a may be tsken equal to unity.

Then equation (3.26) becomes

D
D, = 10 logloE + 3%5(10 D/10 1)] (3.27)

Figure 2l 1s a graph of equation (3%.27) which 1is
verified by reference 1. Figure 2l clearly illustrates
the disproportionaste increase in transmittivity that an
insulating blanket would have for a relatively small per-
centage of open area. For instance, 1f a blanket having &
i0-decibel noise transmission loss has only 1 per cent open

area, the&insulative properties would be diminished
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20 decibels. In other words, the 1 per cent open area
results in a 50 per cent decibel loss. It 1s apparent,
therefore, that,vso far as 1s possible, nolse leaks should
be eliminated or diminished.

For the case of a wind-tunnel shell containing a
noise insulating blenket, all of the nolse leaks may not
affect the auditor. A rough rule of thumb 1s that the
majority of nolse reaching the auditor radiates from those
surfaces visible to a human auditor and only those leaks
contained in the visible surface are important. This rule
is more nearly accurate for the higher frequencles than the
lower because high frequenciss have greater directional

properties than low frequencies.



CHAPTER IV
EXAMPLE - 7~ BY 10-FOOT HIGH-SPEED TUNNEL

The 7- by 10-foot high-speed tunnel located in the
West Area of Langley Fleld has recently been modified for
noise and vibration control. Before modifications to this
tunnel, two critical faults requiring immediate attention
were observed. Many fatigue cracks involving the structural
supporting and stiffening members were noted about points of
stress concentration such as welds and coped sections. The
noise level of the tunnel at top speed operation was suffi-
ciently high that complaints of inefficlency, discomfort,
and interference were received from nesrby research
facilitles.,

In order to éliminate these faults, five corrective
measures were decided upon; these modificatlons. were as
follows:

1. All fatigue cracks were repaired and the
tunnel shell stiffened.

2. The sliding base plates for the support
legs were adjusted to carry more vertical loading.

3. The metal expansion joint nearest the fan
was removed and replaced with a neoprene expansion

joint.
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li. Acoustic baffles were placed in the air
stream, both upstream and downstream from the fan.

5. A lightweight noise insulating blanket was
installed, enclosing the fan sectlion between the
expansion joint and the exhaust tower.

The first three modifications were primarily for
vibration and fatlgue control and have very little effect
upon noise control., Modifications L and 5 were primarily
for noise control and will be discussed in detail,

An acoustic survey was made for the tunnel circuit by
both NACA and a private consultant, Both surveys agreed in
general but not always in detall. Thils paper is based upon
the NACA results. The acoustic survey indicated that more
nolse emanated from the vicinity of the fan than elsewherse
and that acoustic treatment should be applied there.
Furthermore, in the vicinity of the fan, the noise seemed to
radiate about equally from the tunnel shell and the exhaust
tower louvers, Other portions of the tunnel such as the
test section, turning‘vanes, and intake tower contributed %o
the over=-all noise 1e§el but the relative noise level
proportions of each source with respect to the over-all
would have been difficult. if not impossible to determine,
However, both the NACA and the consultant believed that the
noise level from the vicinity of the fan was sufficlently
higher than the total from the remainder of the sources that
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properly designed acoustic treatment applied in the fan
viecinity would provide a satisfactory nolse reduction. This
meant that a noise level difference of 10 or more decibels
existed; otherwise.aCOustic treatment of the fan vieinity
alone would not be adequate, Modifications for the fan
vicinity were then planned In the belief that further
treatment would be unnecessary and that an over~all noise
reduction of 10 or more declbels could be obtailned.
Subsegquent developments verifled this as an over-all noise
reduction of 12 decibels was obtained after the acoustic
treatment.

Acoustic baffles seemed to be the most practical
form of treatment to control the noise radiating from the
exhaust tower louvers, Two locations for the baffles were
congldered; the exhaust tower and the alr stream. Baffles
placed in the exhaust tower would attenuate the noilse
radiating from the louvers only, while baffles placed in the
air stream would attenuate the noise radiating from the
louvers and from the remainder of the tunnel circuit. The

principal objection to placing the baffles in the alr stream

was the loss of power anticipated due to air flow drag. The

@ower loss, computed in accordance with the theory included
in chapter II, for baffles placed fore and aft of the tunnel
fan was about 200 horsepower, This loss gould be tolerated

and the baffles were Installed in the air stream.

4
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Furthermore, it was estimated that a portion of the power

lost through drag would be regalned through partial

elimination of turbulence. This factor has not been

verifled as yet.

The tunnel shell from the expansion joint to the

exhaust tower was insulated with a flexible lightweight

blanket,
1.

The insulating blanket consisted of the following:

Structural framework serving the dual purpose of
stiffening the tunnel shell and supporting the
Insulating blanket.

Road mesh tack welded to the structural framework

Seven inches of preformed bonded Fiberglas wired
to the road mesh

Expanded metal lath wired through the Fiberglas to
the road mesh

Insulmastic vinyl coat (6 gallons per 100 square
feet) sprayed on the expanded lath

Insulmastic gilsonite coat (8 gallons per 100
square feet) sprayed on the vinyl

Aluminum colored slate granules sprayed on’the
gilsonite, while still soft, to provide an

aluminum colored appearance

Flgure 25 represents a fypical frequency spectrum

made of the noilse gensrated by the 7~ by 1l0-foot high«apeed

tunnel before the nolse and vibration control measures Weré
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applied. Four predominant frequency components are apparent.
The first and strongest component corresponds almost exactly
to the first harmonic of the fan but the other components are
not in such good agreement with the higher fan harmonics.
The total noise, resulting almost entirely from the four
predominant components, equaled 107 decibels. The location
of the measurement was on the ground, about 100 feet
directly opposite the fan and motor gectlon where two sides
of the exhaust tower louvers could be plainly seen. This
site was chosen because 1t was far enough away to avoid
reflection interference but in a positlon to recelve direct
radiation from two sides of the exhaust tower and from the
tunnel shell opposite the fan.

Figure 26 shows schematic sections through the tunnei
at the vilcinity of the fan and exhaust tower illustrating
the acoustic treatment. The contour of the tunnel shell has
been simplified in order to simplify the computations,

Before proceeding with the computations for the 7~ by
10=~foot high=-speed tunnel, 1t will be convenient to discuss
a method of nolse analysis. The total noilse pressure level
equals

Ep
Eq

Dp = 20 logy (Le1)
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where
E, ™ 0.0002 dynesper om® (4.2)

is the base nolse pressure energy and

By =B+ Ey + Bg+ o . .= 3E (4a3)

1s the total nolse pressure energy. Let

By = By (ho)

where Ey equals the nolse pressure energy of the maximum

component. Then

B:
1005@~100*100§§+100.;.§*...~Z% (lLeB)
Ey By En

where E}% represents the summation of the percentages of all

of the components, The maximum noise pressure level equals

B
il
Dy = 20 logyy g (L1.6)
Combining equations (l.1) and (l1.6)
Dp - Dy = 20 1ogm% (a7)

and using equation (L.5)

Dp = Dy + 20 109;10(10 ) (L.8)
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The difference in decibels of any component from the maxlmum

component will equal

Dy, = Dy = D (4e9)
where
E
D = 20 log,, = - (L.10)
then
or
. . E
D, = Lo - 20 1og10(1oo ﬁ) (LL.12)
Let
] E L]
% = 100 o~ (la13)

I¥
represent the percentage of any component to the maximum

component, then

D= L0 - 20 log (%) (I

If a noise frequency spectrum 1ls plotted with the
frequency components expressed as percentages of the maximum
component, equations (L.8) and (L.1ll) will prove useful in
analyzing the noise. Figure 27 contains a plot of
equation (L.14).
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The followlng pages conbtain, without comment, the
successive steps in analyzing the acoustlic treatment applied

to the 7= by 10-foot high=-speed tunnel.

Acoustic Baffle and Tunnel Properties

L =18 feet

H = 26 feet

W =2 feetb

t = 0,33 feet

- 1

= 730 square feet

72 ft/sec (before baffle installation)

0.,00206 slugs/ft3
U 0° F + 60 = 600° F absolute

106.3 slugs/sec
e 2116 ~ 7 = 2109 1b/ft2

ToE B3 B P
&

Standard Conditions

0.002378 slugs/ft3
2116 1b/rt
T = 60° F + J60 = 520° F absolute

0
]

e
Q
H

bo = 373 x 10~T slugs/ft sec
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-

Density
T
- p )
- XK oo M mae
P = Po - T
- 2109 _ 520 _ %
= 0.002378 x 5T3E % €50 © 0.00206 slugs/ft
Coefficient of Viscosity
i 3/L
OTO
3/4
= 3,75 X 10"7E%§ﬂ = 3,7% x 10”7 x 1.118

§i

.16 x 10~ slugs/ft-sec

Kinematic Viscosity

<
|
olE

=7
= 1.26 X 1077 5 05 x 107M £2/se0

2.06 x 107

Air Flow Quantity

#
Ol

Q
= _;Qé;ég = 51,600 £t7/sec
0.0020 !

Cross~Sectional Open Area through Baffles

it

A.

o nH#

c

iy x 26 x 1.67 = 606 sq ft

it

90
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Velocity through Baffles

v
AO

- 51,600 _
= 2336"" = 85.1 ft/sec

Reynolds Number

_ VL

R=3
= 85.1 x l?h = 7.58 x 108 ¢
2.02 x 10 > 5 % 10

Turbulent flow

Surface Area of Baffles

Ag = 2nHL

2 x 1y x 26 x 18 = 13,110 £t°

Dynamic Pressure

1
29V2

i

q

% x 2.06 x 1073(85.1)2 = 7.46 1/rt?

Prictlon Coefficient

W, = 1.67 £t

¢ = Very rough
Cp = 6.6 x 1073

91
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Drag Force

FD - CfASq
6.6 x 2073 x 13,110 x 7.46 = 646 1b

Power Loss

Py, = FpV
6l6 x 85,1 = 55,000 £t-1b/sec
550

100 horsepower each
set of baffles

2
s ie

Total Py, = 2 x 100 = 200 horsepower

Flexiblse Blanket

2,00 1b/ft2 = structural framework

0.1l = 8 gage 41" x L" mesh
6,13 = 7 in, - 10-1/2 1b/rt2 P.F. bonded Fiberglas
1.7 = 13 gage expanded metal lath

1.75 s<Insulmastic Gilsonite coat 8 gal/100 sq %
aluminum colored slate granules

RIS

{%nsulmastic Vinyl coat 6 gal/100 sq ft

F

11.79 1b/ft°

From Mass Law Graph for frequencies between 100 ~/sec and

1000 ~ /sec

Dp = 30 decibels
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The value of 30 decibels for the nolise transmission
loss through the flexible lightweight blanket 1s only a very
rough approximation. Actually, the blanket is probsably more
effective. However, in this case, refinement is unnecessary
because the acoustic baffles reduce the nolse only 12
decibels proving to be the wesk point in the noise control
system. Since the preliminary analysis indicated that the
nolse intensities radiating from the exhaust tower and the
tunnel shell were approximstely equal, and since the baffles
principally affected the tower and the blanket principally
affected the shell, then the excess in effectiveness of the
blanket over the baffles would have little influence upon
the total noise reduction.

The following construction photographs show the nolse
control measures applied to the 7- by 1l0-foot high-speed
tunnel. Figure 28 shows the upstream acoustic baffles.

The downstream baffles are ldentical with the upstream as to
materlal and constructlion but, since the tunnel size _.
increases downstream, the height H and number of
channels n are greater. Average values were used in the
example. Figures 29, %0, and 31 show successlve steps in
the erection of the insulating blanket. The aluminum
colored slate granules had not been applied at the time of

Figure 31.
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FIGURE 31
GILSONITE COAT
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CHAPTER V

CONCLUDING REMARKS

Four methods have been discussed in detail for con-
trolling the noise and vibration generated by a wind tunnel.
Two of the methods, acoustic baffles and noise insulation,
digeussed in chapter II and chapter III, respectively, have
been classed as quantitative nolse control msasures for
which a measurable, and generally predictable, nolse
attenuation results. The other two methods, turning vane
support and helical springs, discussed in appendix A and
appendix B, respectively, are classed as qualltative nolse
and vibratlion control measures for which the attenuation
may be measurable but unprédictable.

The qualitative control measures, helical springs
and turning vane support, have been arranged as independent
units in the appendix with their own symbols, figures, and
references. This has been done both for convenlence and
becaqse they have wide application in the field of structural
design other than noise and vibration control.

Chapter IV considers an example, the 7« by 1l0-foot
high-speed tunnel, for which quantitative noise control
measures were applied. The exsmple 1llustrates that, with

the aid of a preliminary nolse survey, reasonable

98
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-5
predictions can be made using the methods discussed in
chapter II and chapter III.

Noise and vibration control is relatively undeveloped
and for the case of wind tunnels is still in its infancy.
Much more theoretical work and substantiating test data are
necessary before it becomes a reliable medium in the hands

of the structural designer.
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APPENDIX A
TURNING VANE SUPPORT FOR ELLIPTICAL CORNER RINGS
Discussion

When fluid under pressure 1s contained in a cylin-
drical duct system, the shell of the duct may be stressed in
several ways. The simplest case occurs when the duct is
uniform, without discontinulty and unrestrained by stiffening
rings. Then the maximum stress 1s the hoop stress. When
discontinuities or restraint exist, the stress distribution
1s more complicated.

A particular type of discontinuity that 1s common to
‘many duct systems 1s the mitered junction resulting from the
necessity for changing the direction of air flow. The
mitered junction of two cylinders 1s elliptical in form.
Usually the stress distribution at the junction 1is severe
resulting in the need for reinforcement. Usually, the
reinforcement is a stiffening ring, elliptical in shape,
deslgned to support at least two conditions of loading: the
pressure loadlng due to the effect of the pressure acting
directly on the exposed surface of the ring,and the pressure
plating loading due to the effect of the longitudinal and

circumferential stresses in the cylinders.
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Reference 1 discusses the stress distributlon acting
upon elliptical corner rings due to pressure and pressure
plating loading. The bending moments, tension forces, and
shear forces in the stiffening ring are determined and pre-
sented in the form of coefficients. No account is taken of
restraints imposed on the ring by any internal structure
such as turning vanes, or by external structure such as
supports, but the ring alone 1s considered and is assumed to
be in equilibrium under the applied pressure and pressure
plating forces. The fact that the shells will not normally
be connected to the ring at its center line is also 1gnored.

Most wind tunnels utilize turning vanes, at the
mitered junctions, to change the direction of air flow.
Usually, one end of the turning vanes is rigidly fastened to
the elliptical corner ring while the opposite end is secured
by a slotted connection to permit differences in thermal
movement between vanes and ring. Consequently, the vanes
are structural parasites contributing nothing to structural

rigidity.

The followlng material presents a method by which the

turning vanes and ring can be analyzed as an integral
structural unit.  Each end of the vanes is assumed to be
rigidly attached to the inner surface of the ring. It will
be shown that, generally, the contribution of the vanes to

the support of the mitered junction is sufficlently large

v
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that the requirements for the stiffening ring can be satis-
fied by a plate instead of the ususal rolled or bullt-up
sections. Although the vanes, designed as integral compo-
nents with the ring, wlll be loaded more than otherwlse, the
vane requirements are little greater, 1f any, than dictated
by good design practice.

The theory presented herein 1s based upon the
following assumptions:

1. The elliptical ring 1s flexible and will

- not contribute bending resistance.

2. The vanes are uniformly spaced and so
numerous that the distance between vanes may be
considered.small with respect to the major axis of
the ellipse so that the reaction of the vanes upon
the ring approximates continuous loading.

5. External restraints, such as supporting
legs, are not considered.

i, Restraint of shell displacement by the
reinforecing ring is not considered.

5. The shell is connected to the ring at the
ring center line.

The loading considered hérein, acting upon the mitered
junction, 1s due entirely to pressure. The pressure may be

positive, if Internal, or negative (a partial vacuum) if
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external. The restraint, offered by the turning vanes, 1s
that necessary to keep the flexible ring in an elliptical

- configuration.
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SYMBOLS

one-half major axis of ellipse

one-half minor axis of ellipse and radius of
cylindrical shell

length measured along the circumference of shell

uniform spacing of turning vanes

axial force on turning vanes (tensile force positive)

length measured along the cylinder

pressure on shell (internal pressure positive)

léength measured along the perimeter of ellipse

thickness of cylindrical shell

tangential force on elliptical ring (tension force
positive)

restraining force per unit of perimeter, parallel to
Y-axis, acting on reinforcing ring

width of reinforcing ring exposed to pressure

Cartesian coordinates of a point on the ellipse

applied forces per unit of perimeter, parallel to the

Cartesian coordinate axes, acting on reinforcing ring

)

one-half stream deflection angle
intensity of circumferential stress in cylinder

Intensity of longitudinal stress in cylinder
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angular coordinate of a point on ellipse
inclination of normal to the major axis of a point

on ellipse
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1. GEOMETRY

Figures 1 and 2 1llustrate the geometrical properties
of the mitered junction. From Figure 2(a), 1t is seen that
the relationship between the stream deflection angle and the

ellipse axes equals

cos 8 = % (1.1)
The equatlion of the ellipse, in Cartesisasn coordinates,
equals
2, B
X
and in polar coordinates
X = a cos @
(1.3)
¥y =b sin ¢
A differential element of ellipse perimeter equals
1/2
ds = de)E + (dy)a:l / (1.4)

and using equations (1.%) becomes

ds = b(1l + tance sinztp)l/zdcp (1.5)
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From Figure 1, it 1s seen that a differential element

; of shell circumference will equal

de = b 4d¢ (1.6)

and then a differential element of shell length will equal

aL = Eds)2 - (b a9)2] 1/2 (1.7)
or
1/2
daL = K?Q§;>2 - {] b de¢ (1.8)

Using equation (1.5), equation (1.8) becomes

dL = b tan © sin ¢ do (1.9)

Let ¢ represent the angular coordinate, with
respect to the major axis, of any normal point on the

ellipse., Then, from Figure 2(b),

tan ¥ = -%%
sin ¢ = -% > (1.10)
cos ¥ = %%

s
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and using equations (1.3)

tan ¢=%tan<p
sin ¥ = a sing %% r
cos ¥ = b cos ¢ %%

Using equations (1.11)

2 tane  _ (g)a tany

sin“e = > 5
1 + tan [ 1 + (%) tanZ\y

Using equations (1.1), (1.5), and (1.1h)

2

a

(a%) = é% (1 - sin®e sinzv)
then

coaa#
1 - sin®e sinav

2

cosTeg =

113

(1.11)

(1.12)

(1.13)

(1.14)

(1.16)



and
1-sh@esu@y :
dy = .
v cos @8 de (1.17)
or
do = —C0S8 O dy (1.18)

1l - sin29 sinaw

Using equations (1.1), (1.5), (1.14), and (1.18)

b cos 8 4y
(1 - sin®e sinaw)

ds = LY (1.19)

Equation (1.1) may be written

2 00528 sinzw

since = 5 > (1.20)
1 « 8in“® sin“ vV
Also, using equations (1.5), (1.18), and (1.19), the
quantity
1/2
(1 + tan®s® sgnaw) / = bdg@ = 1 75 (1.21)

1
(1 - sine sinzv)
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2. GENERAL LOADING
Figure 3(b) shows the assumed loading acting upon any
small length, As, of the elliptical ring perimeter. The
ring 1s assumed to be a flexible cord held in an elliptical

shape by the load distributlion shown. The summation of the

horizontal forces must equal zero or

-

Te S1n ¥ + Xg &s - (T, + ATy)sin(y + 4y) =0  (2.1)

or

(Tp + AT,) sin(y + &y) - T, sin ¥ = X,As (2.2)
which may be written
4(T, sin ¥) = X, 4s (2.3)

As As approaches zero, equation (2.3) becomes the total

differential
d(Tq, sin \y) = Xg ds (2.1)
which equals
sin y dTy + Ty cos ¥ A¥ = Xp ds (2.5)‘
The summation of the vertical forces must equal zero or

(T + ATg)cos(y + Ay) + Y, A8 = V, A8 = Ty cos ¥ = 0 (2.6)
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or

(Ty + aTy)cosly + 8y) - T, cos y = (Vo - Yp)8s (2.7
which may be written
A(Ty cos ¥) = (Vg - Y4)hs (2.8)

As As approaches zero, equation (2.8) becomes the total

differential
d(T@ cos #) = (Vq, - Yq,)ds (2.9)

which equals
cos y ATy ~ Ty sin ¥ dy = (y¢ - Yé)ds (2.10)

Using equations (1.19) and (2.5), there results

b cos BX‘P avy

sin y ATy + T cos ¢ dy = 5 (2.11)
(1 - sine sinavjf)3/
Dividing each side of the equation by sin ¥ dy, then
aT b cos 8 X,
—. + got YT, = (2.12)
a ? 2 .
v sin v(1 - sin2e 81n2W)3/
which may be written
aT
312 + £ (¥)T, = £a(¥) (2.13)
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which i1s a first order linear differential equation and

wheres
fl(w) = cot ¥
b cos 8 X@ L (2.14)
faly) = 575
sin &(1 - sine sln2w>
Let
Te = uv (22;5)

and when substituted in equation (2.12)

u = (2.16)

and

b o X¢ av 2

= + .

v cos f , ; 373 C (2.17)
(1 - 8in"6 sin 1’)

where C 1s a constant of integration that must be adjusted
for the boundary conditions.

Rewrite equations (2.5) and (2.10) as follows:
sin ¥ dT, = X, ds - T, cos ¥ d¥ (2.18)

cos ¥ dTQ = (M, - YQ)ds - Ty siﬂ v dy (2.19)
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Dividing equation (2.18) by (2.19), there results

xwda-'r@ cos ¢y 4y

tan * = (2020)
(Vo = Yp)ds + Ty sin ¥ dy
and using equation (1.19)
2
c 1 - sin28 sin? 3/
o = os ¥ x9+y¢-( 2 n2y) T, (2.21)
sin ¥ b cos © sin ¥
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5. PRESSURE LOADING

The pressure loading, due to the effect of the
pressure acting directly on the exposed surface of the
reinforcing ring, 1s the same as for a pressure vessel of
elliptical cross section. The pressure loading components,
at any point on the Jjunction defined by the Cartesian
coordinates x and y or the angular coordinate ¢, will

equal

Xp ds = pw dy

(3.1)
Yo ds = -pw dx

where p 1s the pressure acting on the ring and w 18 the

wldth of ring exposed to pressure. Using equations (1.3)

Xy ds = pwb cos ¢ 4o
(3.2)
Yb ds = pwa sin ¢ de
and using equation (1.5)
X = pP¥ co8 @ ]
® 1/2
(1 + tan®e sin2¢9 /
- (3.3)
Y = pw sin ¢
® 1/2
cos 9(1 + tan®e sinaw) / “
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Figures L and 5 are graphs of equations (3.3).
With the aid of equations (1.16), (1.20), and (1.21),

equations (3.3) may be written

XQ = pw cos V¥
(3.4
Yp = pw 8in ¥
Substituting equations (3.4) in equation (2.17)
cos d
V=wa CcoOS8s gf ¥ * 5/2+c (3!5)
(1 - sine 31n2$>
which after integration equals
b 6 si
v = pwb cos n ¥y +C (3.6)
2 2 1/2
(1 - sin®e sin?y)
From equations (2.15), (2.16), and (3.5)
7, pwb cos © C (3.7)

= +
1/2  cos
(} - sine sin2W) /2 ¥
If the stream deflection angle, 20, equals zero, the tensile
force in the ring will be constant, with respect to ¢, and

willl equal the hoop stress, or
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(o) 2g=0 = P (3.8)
and

C=0 (3.9)

Equation (%.7) ther becomes

P = pwb cos 8 (3.10)
® 2 2 \1/2
(1 - 8in®6 sin V)
Using equation (1.21)
Ty = pwb cos B(} + tan2@ sin2¢)1/2 (3.11)

Figure 6 is a graph of equation (3%.11).
Combining equations {(2.,21), (3.L), and (3.10), there

results

Ve = pw 81n®@ sin y (3.12)

From equation (1.10) and, by definition, Vo ds 1s positive
when acting Inward on the ring, equation (3.12) may be

written

- 2, dx
Ve = pw sin®e 35 (3.13%3)
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or
Vp ds = pw sin°e ax (3.14)
Let
X2
Fp = V ds = pw sin8(xp - x3) (3.15)
x1

represent the force, necessary to malintain the flexible ring
in an elliptical configuration, that acta upon a small

section of ring defined by the boundary (xp - xj). If

is the uniform spacing of the turning vanes, small with

respect to the major axis 2a, then
F, = pwD sin®e (%3.17)

represents the forces, exerted by the turning vanes, which
keep the flexible ring in an elliptical shape when subjected
to pressure acting directly upon the exposed surface of the
ring. For this particular case, all of the vanes are
equally loaded, the forces being lndependent of the angle o.
Figure 7 is a graph of equation (3.17).
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li. PRESSURE PLATING LOADING

e Figure 1(a) shows & differential element of shell
surface bounded by a circumferential length of shell dec, a
longltudinal length of.shell dL, and a length of mitered
joint perimeter ds. Figure 3(a) shows an enlarged view of
this differential element and its counterpart on the opposite
side of the junction.

The state of stress in the shell at the mitered
junction will include: 1longitudinal and circumferential
stresses due to pressure, and shearing and bending stresses
due to restraint of the shell displacements by the
reinforcing ring. Figure 3(a) shows the longitudinal and
circumferential stresses, which are those normally

encountered in c¢ylindrical pressure vessels, and which

equal
_ BB
°L T 2t
> (L.1)
_ pb
O ~ EE

where p 1s the pressure acting on the shell, b 1s the
radius of the shell and one-half of the minor axis of the
ellipse, and t 1is the shell thickness.

The pressure plating stresses, due to the longltudinal

and circumferential stresses in the shell, produce loading
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components, at any point on the junctlon defined by the

angular coordinate ¢, in the X-direction, equal to

Xp ds = 2(ogt dc sin @ - ogt AL cos © sin @)  (4.2)
and in the Y-direction, equal to

Y, ds = 2(o,t 4L cos ¢) (L.3)

?

Due to symmetry, the loading components in the Z-direction
are equal and opposite, acting perpendicular to the plane

of the ring, or

Zp ds = opt dc cos © + Oyt dL sin @ sing (L)

Substituting for oy, o¢,, dL, dc, and simplifying,
equations (4.2), (4.3), and (L.l) become

X¢ ds = pbzsin 8 cos 2¢ de¢

Y, ds = pb2tan @ sin 2¢ do = (L.5)
= pb2 2 2

Z¢ ds = 5~ COos 8(1 + 2 tan<8 sin“g)de

—
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and, using equation (1.5),

pb sin 6 cos 2¢
® 1/2
(1 + tan2e@ sinzw) /

pb tan 6 sin 2¢

Yo = . (4.6)
Q : 1/2
(1 + tan28 sinaw) /
, - B (1 + 2 tan2e sinlg) o
0= 5 s ) 1/3 cos
(1 + tan<6 sin @) y

Equations (L4.5) and (4.6) are verified by reference 1.
Figures 8, 9, and 10 are graphs of equations (L.6).
Using equation (1.19), eguation (2.17) becomes

v:=fo¢ ds + C (h.7)

and from the first of equations (A.S)

v = pb®sin e‘jqcos 2p dop + C (4.8)
which, after integration, equals

v = pbPsin 6 sin ¢ cos ¢ + C (b.9)

Combining equations (2.15), (2.16), and (4.9), and
using equations (1.5) and (1.11)
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1/2
T, T@ = pbzsin 6 cos 6 cos @(1 + tane sin2¢) / +

cos 9(1 + tan®e sin2¢)1/2

o o C 7(1;.10)

If the stream deflectlion angle, 20, equals zero, the tenslle
force in the ring due to the pressure plating loading will

vanish. Therefore

(To) 2620 = © (h.11)

and
c =0 (L.12)

Equation (l4.10) then becomes

@) 1/2

T = pbzsin 8 cos 6 cos @(ﬁ + tan®e sin® (h.l})

?

Figure 11 is a graph of equation (4.13).
Combining equations (2.21), (L4.6), and (L.13), and
using equations (1.5), (1.11), and (1.21) there results

Vo

= 2pb sin?e tan @ sin ¢ cos ¢ 75 (L.1y)
(1 + tan2@ sinzeb

From equations (1.3) and (1.5) and, by definition, Ve ds

i1s positive when acting inward on the ring, equation (lL.1l)

may be written
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as = 2B2 s1ndex dx (L.15)

Let

x

2 (xo + x7v)

F, =f V, ds = -2-53 sin’8(xp - xl)-———?--?—l-— (4.16)
x

represent the force, necessary to maintain the flexible ring

in an elliptical configuration, that acts upon a small

section of the ring defined by the boundary (xy =- xp5). If
X3 - x1 =D (4.17)

1s the uniform spacing of the turning vanes, small with
respect to the major axis 2a, and

X2 t X1 &

5 X = & cos ¢ (1.18)

then

F, = 2pbD sin39 cos ¢ (4.19)

represents the forces, exerted by the turning vanes, which
keep the fléxible ring in an elliptical shape when subjected
to pressure plsting loading. Figure 12 is a graph of
equation (4.19).
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APPENDIX B

HELICAL COMPRESSION SPRINGS SUBJECTED TO
COMBINED LOADING

pPiscussion

It is the purpose of this section to develop formu-
las for the engineering design of helical compression
springs subjected to combined loading. The following
material 1s restricted to helical coil springs with uniform
coll diameter, uniform pitch, and round wire, The combined
loading consists of an axial compressive force, a8 lateral’
force perpendicular to the coll axis, and a bending
moment. In addition to formulas, graphs and alinesment
charts are included in order to simplify design procedure.

Under certaln conditions, the use of helical
compression springs for the support of portions of large
structures such as wind tumnels will prove extremely
advantageous., If the structure to be supported is
subjeeted te-dyhamic loading, the spring supports, if
properly designed, will provide specific controlled natural
frequencies for the system 8llowing a minimum of dynamic |
forces to be transmitted through the supports into adjacent

portions of the structure. The springs, therefore, act as

138
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a vibration break, reducing to a minimum the transfer of
dynamic forces from one portion of the structure to
another.

If the structure to be supported requires many
supporting polnts, a spring supporting system will have
the advantage of providing an elastic foundation which
will compensate for small deflections acting in the axial
direction of the coll springs caused by temperature changes

-in the structure. 'This effect results from the relatively
small spring constant of a spring or nest of springs as
compared with that of a rigld support. 4 small deflection
imposed upon a coll spring results in only a small change
in reaction while the same deflectlion imposed upon a rigid
support results in a relatively large change in reaction.

The need for elastic supports for a particular
structure will, of course, depend upon the requirements,
function, and predicted behavior of the structure.
assuming an elastic supporting system is advantageous, the
formulaes and graphs included herein should prove useful to
the designer ip providing the proper elastic system.
Helical coll springs suﬁjected to axial forces only are in

" general use throughout the engineering profession and
formulas for designing them are readily available.
However, when hellcal coll springs are used to support

large structures, the springs may be subjected to forces
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perpendicular to the coll axis and to bending moments as
well as to axial forces. The lateral forces and bending
moments may be due to the thermsl movement of the
structure. The following theory includes stress analysis
of coll springs subjected to axial and lateral forces and
te bending moments resulting in formulss simplified for

use by the deéigner. The results are not exact but are on
the safe side. Graphs are included which apply to the
special case of high strength alloy steel springs subjected
to an axlial force, and a lateral deflection with the ends of
the spring remaining parallel. This is the most general
case and will find the widest ussage, Sufficient theory is
presented so that other cases can be developed.

As mentioned earlier, the following theory is
restricted to helical springs with uniform coil diameter,
uniform piteh, and round wire. This type 18 most easily
manufactured, most generally used, and results in less
complicated stress analysis. 4dditional study leading to
the development of theory for springs having varlablescoll
diameter, variable pltch, with wire cross section othgr than
round may be desirable but would definitely be classified as:
"special" insofar as practical applications are concerned.

A further restriction in the feollowing theory 1s that the
axial force applied to the spring 1s compressive. The

stress analysis part of the theory is valid for tension -
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springs as well as for compression springs, but the
simplifications made for ease of the structural designer
would not be on the safe side, Purthermore, it 1s the
opinion of the author, that for the support of large
structures, a compression spring is generally more practical
than a tension spring. A tension spring, if overloaded, may
rupture., 4 properly designed compression spring, 1if
overloaded, will at worst compress to solid helght without
rupture and from then on behave ag a solid bar. ap
important consideration for compression springs 1is stability
or resistance against buckling. The following theory
includes stabllity considerations so that a compression
spring can be designed with a specified lateral deflection
and can be compressed to solid helght without buckling or
rupture. Due to the stability considerations, the lateral
deflection imposed upén a compression spring will be more
limited than that for a comparable tension spring. However,

for most practical applications, compression springs can be

designed with a satisfactory allowable lateral deflection,

For special applications, where the lateral deflections are
prohibitively large for the following theory, a system may
be devised where the structure is "hung" from compression
springs thus avolding the undesirable features of tension

springs,
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If is the author's considered opinion that there are
_______ ¥ many applications where a structure subjected to thermal
movement may be more advantageously supported by springs
than by rollers or sliding base plates. 4 spring system
would act essentially the same as a compound roller system
in that movement could occur in any direction lateral to the
coll axis. The springs have the added advantage of
compensating for small movements parallel to the coill axis.
Most of the data 1s arranged more convenlently for
analysis fhan for design. In order to design 2 spring with
the incluided formulas and graphs, physicsal characteristics
should be assumed, where necessary, and the procedure
conducted in an apalytical manner. This deslgn procedurse
is in no wsy unusual as most structural design is performed

in this manner.
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SYMBOLS

dimensionless factor

cross-sectional srea of spring wire, in.2

dimensional factors usually constant

axial force on spring wire, 1lb

subscript denoting "critical"

diameter of spring wira, in.

mean coil diameter of hellcal spring, in.

eccentricity of axisl force on spring end faces, in.

modulus of elasticity in tension and compression,
1v/in.2

equivalent compressive rigidity for a helical
spring, 1b

equivalent flexural rigidity for a helicel spring,
1b-1in.2

dimensionless stress amplification factor

subscript denoting "free length"
dimensionless factors, usually constant

modulus of elasticity in shear, lb/in.2

equivalent shearing rigidity for a helical
spring, 1lb

lateral force applled to spring ends, 1b
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diameter moment of inertla of spring wire, in.h

polar moment of inertia of spring wire, 1n.LL

dimensionless factor

spring constant, 1b/in.

curvature corrsection factor for bending stress

curvature correction factor for shearing stress

correction factor for curvature and fatigue

axial length of active coils for any loading, in.

critical axial length of active colls, in.

axial free length of active coils, in.

axiael length of active coills for applied force P,
in.

axial solid length of active coills, in.

total axial free length of all coils, in.

bending moment applied to spring ends, in.-1b

bending moment about m-m axis of spring wire
cross section, in.-1lb

bending moment about R~axis of spring wire cross
section, in.-1b

number of active colls

cross-sectional form factor

coll piteh for any loading, in.

coll piteh at free length, in.

coll piteh at solid length, in.
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axial force, 1lb

Euler axial force, 1b

critical axial force, 1b

radius of spring wire, in.

radius of helix, in.

length of spring wire or hellx, in.

subscript denoting "spring"

subscript éenoting "solid"

subscript denoting "shear”

torque on spring wire, in.-1b

strailn energy, in.-1b

total strailn energy, in.-1lb

shearing force parallel to m-m axis of spring
wire cross section, 1b

shearing force parallel to R-axis of spring wire

eross sedtion, 1b
Cartesian coordinates

dimensionless deflection factor

coll pitch angle for any loading, radians
coil pitch angle at free length, radians
coll pitch angle at solid length
curvature correction factor

angle of rotation of appiled moment M, radians
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axial deflection for any loading, in.

axial deflectlon due to curvature, in.

axial deflection due to curvature for critical
loading, in.

axlal deflection for axlal loading, in.

axlal deflection for critical axial load, in,

axial solid deflection, in.

latersal deflection of spring ends, in.

Poisson's ratio

normal stress on spring wire cross section, lb/in.2

compressive normal stress on spring wire cross
section, 1b/in.2

bending normal stress on spring wire cross
section, lb/'in.2

shearing stress on spring wire cross section,
1b/in.2

torque shearing stress on spring wire cross
section, 1b/in.2

direct shearing stress on spring wire cross
section, 1b/in.°

angular coordinate of a point on helix, radians
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1. SPRING GEOMETRY

Before discussing the theory for loaded helical
springs, it will be convenient to develop formulas, to be
used later, showling the relationship between the baslic
geome tric properties of a hellix. The following theory is
valid only for a helilx with uniform pitch and uniform coil
dlameter.

Figure 1(a) shows a typlical open colled helix. Let
any polnt along the coll axis be the origin of a rectangular
system of coordinate axes, as indicated in Figure 1(b), with
the Z-axlis colncident with the coll axis., The pitch
angle a represents the angle between any differential
length ds of the helix and the projection of ds upon the
X-Y plane perpendicular to the coll axis. With the aid of
Figure 1(b), the following differential relationships are
obtaired,

sin a = Q% (a)

]

cos a “352 (v)

tan a = g T} (c)

From equations (a), (b), and (c¢c), the basic geometric

relationships are derived., Using equation (a), we write
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Y
ds
24P oz
1 ™
¢
'
(b)
b‘s
1
™~ O g '7?
(d)



dz = ds sin a
L 8
dz =,aina.f‘ ds
0 0
from which
L =8 8in a
or
- L
S = 8Ina
Using equatlion (b), we write
as = Rde
COoB a
8 R 2mn
J; ds = YR 0 de
from which
= 2nwR  _ _nnD

8

cosS @  CO8 a

Using equation (c), we write

[
™
H

R dp tan a

¢
R tan af de
0

Z = Re tan a

z
Jﬂ dz
0

from which

Also

p 2w
f dz = R tan a de
0 0
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(1-1)

(1-2)

(1-3)

(1-h)
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from which
“W} p = 2mR tan a = wD tan a (1-5)

or, rearranging

= B -
tan @ = - (1-6)
Also
L 2nt
dz = R tan a de
0 0
L = 2nnR tan a = nwD tan a = np - {1-7)

The above equations containing only the basic
geometric properties of a‘helix (p, D, a, L, 8) will be used
later in deriving the stress analysis and deflection
equations of a loaded spring. The helix represents the
center line of the spring wire and the equations derived for
the helix will in turn apply to the coil spring except for
the conditiomcof solid compression. Due to the fact that
the apring'wire has finite dimensions, the pitch angle,
unlike that of a dimensionless helix, can never equal zero.
It will be convenient at this time to discuss the geometric
characteristics of a coil spring when the spring has been
compressed solid.

Figure 1l{c) shows one cycle of a hellx representing
the center line of the wire for ons complete coil of a

helical spring compressed solid. Since the coils are in
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contact, the distance between any two adjacent colls
perpendicular to the wire center line (helix) will be equal
to d, the wire diameter. Let ag &and pg be the pitch
angle and pitch, respectively, of the spring at solid
compression. Figure 1(d) shows the geometric relationship

between pg, ag, &and d. From the figure

da

Ps

cos ag
from which

- 4
Ps = gos ag

(d)

Also, from equation (1-5) for the condition of solld

compression
pg = WD tan a4
Then
4a
m = wD tan Qg
and
sin ag = é% (e)
Also
1/2 .
- 1/2 a2 :
cos ag = (1 - sinzas) = [ - ('r?ﬁ)] (f)

Combining equations (d) and (f),
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or

Pg _ 1
T =172 (2-8)
- (%)
D,

Equation (1-8) shows the relationship between pg, 4,
and D for the condition of solid compression. It is
advantageous to investigate the limlting values for the
ratlo pg/d. The ratic D/d can vary from a minimum of 4

to an unlimited maxlimum. So for g =1
Pg _ 1 ~
T ) 172 = 1.055
- @)
and for g = w
Pg _
7{ =1

However, for manufacturing reasons, it is difficult and
impractical to coil a spring with a D/d ratio less
than lj. Consequently, for g =l

et

The above discussion of a helical spring at solid

= 1,002

length indicates that the ratio p,/d 1s dependent upon

the ratlio D/d only and 18 very nearly equal to a constant
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for all practical values of D/d. Therefore, there will be
little appreciable error 1if the following assumption is

made:

p
£ =1 or pg=4d (1-9)

Consequently, from equation (1-7), the axial length of

active coils for the condition of solid length becomes

and from equation (1-6) and equation (e)

t - Pg - - d
an ag = == = 8in ag = B (1-11)

It is evident, therefore, that, for the condition of solid
length, the pitch angle ag 1s sufficiently small that the

following assumptions &are reasonsble:
sineas = tanaas =0 and cos ag = 1 (1-12)

Due té the action of a combined system of forces and
bending moments, a helical spring will undergo distortion.
The distortion can be divided into three components, axlal
deflectlon, lateral deflection, and curvature which can be
independently related to the applied forces and bending
moments., The axial deflection, furthermore, can be related
to the geometric properties of the helix and will be

considered in this section under spring geometry. Let a, p,
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L, and 6 Dbe respectively the pitch angle, pitch, axial
length of active colls, and axial deflection when the spring
is subjected to combined loading. Let ag, bpg, Lg,
and 8y represent the above quantities for the condition of
solid length anmd let ap, pp, Ip, and Op represent the
abovg quantities for the free length or unloaded condition.
The assumption is made that,under a reasonable loading
system, where the distortions are not permanent, the coll
and wire diameters D and d are constant. The following
relationships between the above quantities are apparent.
For the unloaded condition
8p = O

For the loaded condition

6 = Lp - np

and from equations (1-7) and (1-5)

;F = npp and p = 7D tan a

then
6 = n(pp - wD tan a) (1-13)
or
1 8 ‘
ten a = :,‘;ﬁ(pp - 'ﬁ) (1-14)
For the solid length condition
6g = Lp - npg
or
8g = n(pp - 4) (1-15)
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In order to be reasonably certain that the combined
loading system acts upon the spring in the predicted manner,
the spring end conditions and the method of loadlng must be
proéperly designed. Figure 2(a) shows an unloaded hellcal
compression spring, typleal of the type under consideration
in this paper. REach end of the spring has two inactive
closed coils with the end faces ground perpendicular to the
coil ax1s. The spring 1s designed to be mounted between two
loading plates which are rigidly attached to the two
structures requiring elastic separstion and which transfer
the combined system of forces and bending moments to the
spring. The ground end faces of the spring provide square
contact between the spring ends and loéding plate and
contribute toward uniform axial loading of the colls and

transfer of bending moment. Figure 2(b) illustrates the

‘mounting of the spring to the loading plate. The plug

transfers the lateral force and alds in transferring the
bending moment. The inactive colls at each end of the
spring permit the plug to project into the core of the
spring without clashing with the active coils.

The total length of the spring for the unloaded
condition shall be designated by Lp as shown in Figure 2(a)
and shall equal the total axial length of active and
lnactive colls. If the number of 1nact1v3 colls at each

end of the spring 1s two, then
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Lp = Ip + Lpg

and since

(1]

Lp

npp and Pg © 4
then
Lp = npp + Ld (1-16)
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2. GENERAL LOADING

The helical springs shall be subjected to a comblned
loading consisting of an axial force P, a lateral force H,
and & bending moment M. General stress analysis formulas
will be developed for this loading which-will be used to
.analyze the special symmetrical case of the spring subjected
to a lateral deflection with the spring ends remaining
parallel to the original coill axis.

Figure 3(a) shows a helical compression spring,
represented by 1ts axls line O0OA colincident with the Z-axis
before distortion. The combined loading is shown but 1s not
agsumed to be acting in Figure 3(a)., When the loading is
applied, the spring will undergo dlistortion consisting of an
axilal deflection &, a lateral deflection A, and curvature.
The distortions and spring wire stresses will be functions
of any known system of loading.

Filgure 3(b) shows the speclal symmetrical case. A
lateral deflection curve will be determined as functions of
A, L, and P with a configuration such that the spring end
faces remain perpendicular to the Z-axis. With thess
restrictions, the spring wire stresses and axial deflection
8 will become functions of only the axial load P, the

lateral deflection 4, and the basic geometric properties

of the spring.
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The spring distortion and the combined loading
acting upon the cross section of any differential length ds
of the spring wire 1is shown in Figure i, The lateral
distortion 1s represented by the length y and the axlal
distortion i1s included in the length z. The curved line
FEG, l&ing on the X'-Y! plane, represents a projected arc
.of the spring helix of radius R and center 0', The
center of the wire cross section E coincides with the
intersection of the radial axis R, lying on the X!'-Y! plane,
and are FEG. The tangential axis T, lying on the X'-Y!'
plane, is tangent to the arce FEG at point E., Axes m-m
and R are perpendicular to each other, Intersect at
point E, and lle on the face ABCD of the wire cross
section, Axis n 1is perpendicular to eaxes R &and mem
and Intersects face ABCD at point B, Axes n and m-m
deviate from exes T and 2", respectively, by the pilteh
angle a.

Figure L(b) shows the moments and forces acting upon
the cross sectlion of the spring wire. The sign convention
will be.chosen such that the moments and forces shown are
positive. The effect upon the cross section of each
component of the combined loading, P, H, and M, will
be determined separately and then combined for the total

or general loading condition.
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3., AXTAL LOADING
The effect of the axlal force alone upon the

distorted spring is shown in Figures 5, 6, 7, and 8. The
applied axial force P, acting at point O, coincldent with

-the Z-axls, produces a moment and a force at point O' as

shown in Figure 5. The force 1s colincident with the Z'-axis
and the moment, indicatéd by the double arrowhead vector,
acts about the X'-axis. The doubls arrowhesad vector follows
the right-hand screw convention.

The effect at point B due to the force P acting
at point O' 1s a force parallel to the Z"-axis and a
moment about the tangentlal axis T. However, the force P
at point O!' can be resolved into components, as shown in
Filgure 6(a), parallel to the m-m and n axes. These
components produce at point E & shearing force parallel to
the m~m axis, a compressive force parallel to the n-axis,
a torque gbout the n-axis, and & moment about the m-m axis.
The direction of these forces and moments acting upon the
wire cross section ABCD 1s shown in Figure 6(b). With the

ald of Figure 6, the following expressions are obtained.

C =P sina (&)
M, = PR sin a (b)
T = PR cos a ()
Vp = P cos a o (d)
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The moment Py, acting about the X'-axis, can be
resolved into components about the R and T axes as shown
in Figure 7. The effect at point E due to the moment

Py cos  results in the expression
Mg = Py cos ¢ (e)

The moment Py s#im¢ acting about the T-axis can be
resolved into components about the m-m and n axes as
shown in Figure 8. The effect at point B, due to these

components, results in the followling expressions.

My = Py sin ¢ sin a (f)

T = Py sin 9 cos a (g)

The total effect of the axial force alone upon the
distorted spring can be obtained by combining, in the proper
manner, the above equations (a) through (g). Using the
subscript A to deslgnate forces and moments acting upon
the wire cross section due to the axial force P, we

obtain



Cp =P slna

PR 8in a + Py 8in a sin ¢

3

= Py cos a

=
%)
e
I

Ty = PR cos a + Py cos a sin ¢

P cos a

169

(3-1)
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li. LATERAL LOADING

The effect of the lateral force alone upon the
distorted spring 1s shown in Figures 9, 10, 11, 12, and 13.
The applied lateral force H, acting at point O, coincident
with the Y-axis, produces a moment and a force at point O!
as shown in Figure 9. The force is coincident with the
Y'-axis .and the moment, indicated by the double arrowhead
vector, acts about the X'-axlis,

The force H, acting at point O0', can be resolved _
into components parallel to the R amd T éxes as shown in
Figure 10. The effect at point E due to the force H sin g

results 1n the expression
Vg = H sin ¢ (a)

The force H cos ¢, parallel to the T-axls, can be
resolved into components parallel to the m-m &and n axes
as shown in Figure 11. The effect at point E of these
components is a éhearing force parsllel to the m-m axlis,

a compressive force parallel to the n-axis, a torque about
the n~-axis, and a moment about the me-m axis, The direction
of these forces and moments acting upon the wire cross
section ABCD 1s shown in Pigure 1ll(b). With the ald of
Flgure 11, the following expressions are obtained.

C = Hcos  cos a (b)



171

e

X
Xl
H_ o %
74 R
Z

X n

T

— e

Yl

ZV vz’ FlG. 9



B A
<—————-
&) v
C C
ds Ble——"rI\ A
D Ve D
xl
> D
Hco.s ¢
=
H - P/\/ ’
& |9
H sin 50
@)
vz’ FlG. 10

172



173

(b)

ds

FirG 1t

OI
vz'

X NIS P SOp «

/s

§ X so>Bsool

/'/Ca.qu



1Tk

(b)

F1G. /12



175

(b) Mom (%

C s
D T 7o
x!

O
. Z"y \m
HZ s siw & VN33 HE S cos X g
X HEZsSIND
(@)

FlG. 12



176

M, = HR cos ¢ cos a (c)
T = «HR cos ¢ sin a (4)
Vy = -H cos ¢ sin a (e)

The moment Hz, acting about the X'-axis, can be
resolved into components about the R and T axes as shown
in Figure 12. The effect at point E due to the moment

Hz cos ¢ 7results in the expression
Mg = Hz cos ¢ (f)

The moment Hz 8in ¢ a&acting about the T-axis can be
resolved into components about the m-m &and n axes as
shown in Pigure 13. The effect at point E, due to these

components, results in the following expresslons.

M, = Hz sin ¢ sin a (g)
T = Hz sin ¢ cos a (h)

The total effect of the lateral force alone upon the
distorted spring can be obtained by combining, in the proper
manner , th; above equations (a) through (h). Using the
subsceript L to designate forces and moments acting upon
the wire cross section due to the lateral force H, we.

obtaln



e

CL = H cos a cos ©

MmL = Hz s8in a sin ¢ + HR cos a cos o

Mgy, = Hz cos ¢
TL =.Hz ¢c0s a 8in ¢ -~ HR 8in a cos ¢
th = -H cos ¢ sin a

H

VRL H sin 9

P

177

(L-1)
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5. BENDING MOMENT

The effect of the bending moment alone upon the
distorted spring is shown in Figures 14, 15, and 16. The
applied bending moment M, actlng at point O about the
X-axis, produces a moment about the X'-axis as indicated
in Figure 1} by the double arrowhead vector.

The moment M, acting about the X'-axis, can be
resolved into components about the R and T axes as
shown in Figure 15. The effect at point E due to the

moment M cos ¢ results in the expression
Mr = =M cos ¢ (a)

The moment M sin ¢ acting about the T-axis can be
resolved into components about the m-m and n axes as
shown in Figure 16. The effect at point E, due to these

components, results in the following expressions.

M, = =M 8in ¢ sin a (b)

T = -M sin ¢ cos8 a {c)

Using the subscript M to designate forces and
moments acting upon the wire cross section due to the

bending moment M, we obtaln
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-
Cy =0
} Moy = -¥ 8in a sin ¢
Mry = -M co8 @
S (5-1)

TM = - co8 a 8in ¢

Vg = O

H

Vry = ©
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6. COMBINED LOADING
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The forces and moments acting upon the cross section

of the spring wire due to the combined loading system shown

in Figure li will be obtained by superposing the forces and

moments on the cross sectlion due to each of the loadling

components

(P, H, and M) separately. Considering the three

sets of equations (3-1), (L-1), and (5-1), by superposition

the follow

C

Mm

Vg

ing relationships are obtalned:

= P sina + H cos a cos ¢

PR sina + (Hz + Py - M)sin a sine¢e +

HR cos8 a co8 @

(Hz + Py - M)ocos o

it

PR cos a + (Hz + Py - M)cos a sing -

HR sin a cos ¢

Pcos a - H sin a cos @

i

H sin g

L (6-1)

Equations (6-1) give expressions for the forces and

moments acting upon any cross section of the spring wire due

to the combined loading shown in Pigure l.

Each expression

for force or moment may be considered to be equivalent to

that force

or moment due to the axial force P acting alone

when multlplied by a dimensionless amplification factor, or



where

o

G = P sin afy
My, = PR sin an
;
T = PR cos th
Vm = P cos aFjg
Vg = PF6
H cos ¢ b
1+ P ten a
He , 3 _ M Hcos o
1+ m*tR Pn)sm"’ *Ftena

Hz y _ M
(PR TR PB)GOS @
Hz .y . M !
1+ PR + £ Pﬁ)sin ) 5 tan a cos ¢

1l - % tan g cos 9

% 8ln ¢

(6-2)

> (6-3)
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7. DEFLECTIONS

The loading (P, H, and M), shown in Pigure l, either
combined or acting separately, produces forces and moments
which act upon and deform the spring wire cross sectlon.

The deformations of the cross section result in axial and
‘lateral movement of the spring ends and distortion of the
coil axlis.

The method of determining the deflections and
distortion of the helical spring for the symmetrical loading
case of an axlal force and a lateral deflectlon with the
spring ends remaining parallel to the original coill axils
will be analogous to the solution for a structural member
with a solid circular cross section. The main difference in
concept in the solution for the helical spring from that for
a solid structural member 1s that shearing distortion of the
spring 1s appreciable and must be included while it is
generally neglected for the case-of the solid structural
member .

The use of the analogy between the helical spring and
a solid structural member 1s convenient but not necessary.
Sufficient data have been developed in the preceding
sections so that a specific expression or a more accurate
trigonometrilc serieas could be assumed for the deflection

shape and the solution obtalned by energy methods. However,
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this would provide no more accuracy and would be much more
cumbersome .

Before considering the distortion of the spring under
the action of the combined loading shown in Figure 3(b), the
distortions produced by each of the combined locads P, H,
and M acting separately will be determined by energy
methods. In using energy methods, all deformations are
assumed to be elastic and wire curvature effects are neg-
lected., When the loading acts separately, the principle
of superposition 1s valid and expressions equating the total
work done to the total energy stored can be easily written.
For the condition of either P, H, or M acting alone,
equations (6-1) may be used in deriving the strain energy
expressions if only those terms involving the particular
load under consideration are used.

The differential strain energy in any element, ds,
of the wire cross section will consist of the following

components:
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"'\
2
au, = gﬁ%g compression
M 2ds
= -2 ture
dU2 “SBT ‘pending in plane of curvatur
_ Mp°ds .
dU; = —sET bending out of plane of curvature
. (a)
an, = T2ds torsion
L~ 281,
v, 2d
a0z = ¥ -2 shear out of plane of curvature
5 2GA p
_ VRZdS
dug = N ~5GE shear in plane of curvature

where, from reference 2, N 18 a factor dependent upon the

form of the cross sectlon, which for circular solid

_ 10
V=3

The total differentlal energy 1s equal to the sum of

the component differential energles or

QUp = 2 dU = qU; + dUp + dUz + dU) + dU + dUg

and the total energy stored in the spring 1s equal to the
energy stored 1n all of the differential lengths or

8
Up = JZ 2 du



188

and, using equations (a)

1 8 |c2  Mm? M2 R Vin2 VR
UT"EL [EA*E:I *8Bf *G1p *¥oa * NGy |ds

From equation (1-2)

as = 355 &

then

2nm .2 M2 Mp? g2 v, 2 Ve

- R C m R m R
Un = AN + + + N + N 4 b
T ™ 27cos “fo EA EI EBI GIp GA aa |°¢ (b)

where
“

E = modulus of elasticity in tension and compression

G = modulus of elasticity 1in shear

= ng2

A —E— cross=-sectional area of wire

I= %%r dlameter moment of inertla of wire

L
I, = E%; polar moment of lnertia of wire

et

For the condition of P acting alone, equations (6-1)
will be valid if H, M, and y are put equal to zero.
Then
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C =P sin a
Mm = PR 8in a
Mg = 0

> (a)
T = PR co8 a

Vm = P cos a
VR=0

and equation (b) will become

U1‘=2czosa M +X

R enw stinza PZRasinEa_+P2RZcosza chosza do
0 EA BI GIp GA

or

2 2 2
Um = nrD P cos a{N + ARC) , G sin a tan a{l + ARZ (e)
T Ip E I

From equations (¢)

wop?
2 D 2 f (t)
=2

and substituting in equation (e)

2 2 2
UT:%Z%— cos aEI«o—Z(-g-):l-r% sin o tan aEL-t-LL(g-):' (g)

o
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Since, for practical reasons, the ratio D w111 not be less

d
than li, there will be little appreciable error if

equation (g) is written

Up = g§§3(§)3(§os a + %g sin a tan a) (n)

The total work done by the external force .P wlll equal the

total stored energy of strailn or

Pdp _
= " Ur
and
_ 8nP/D\’
6p = GE‘(H) Fp (7-1)
where
- 2G
Fp = co8 a + 5 sin a tan a (7=2)

Bquations (7-1) and (7-2) are verified by reference 1 with
the exception that equation (7-2) 1s written

cos a 2G
B + -3 gin a tan a

Fp =

where
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which is defined as a curvature correction factor. Filgure 17
contains a plot of B against g and indicates that the
curvature correction has very little significance if g is

greater than L.

For the condition of H acting alone, equations (6-1)
wlll be valid if

then

C = Hcos a cos e

Yo

Mp = ~H(L - z)cos ¢

HE(L - 2)sin a 8in¢ + R cos a oosqz]

> (1)
T = -HEL - z)cos a 8in¢ + R sin a cosca

Vm = «H sin o cos o

H sin e

VR
Using equation (1-l)
Z = Rep tan a

and equation (b), after integrating and simplifying there

results
2 3 2
= L@L(Q) 2(&) 26 20
Urp s \d %5 cos a +'7§ 8in a tan a + YT +

G cos %} g (1)
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The total work done by the external force H willl equal the

total stored energy of straln or

B A
H _

—— = U‘I’
and

_ 8nH/(D\’

by = 52(R) Fx (7-3)
where
2 (L\2 26 2G G cos a

Py = '3-(-15) (cos a +5 8ln a tan a+¥5 58 at R (7-1;)

Equations (7-3) and (7-l4) are verified by reference 1 for
the condition of a Dbeing very small.

For the condition of M acting alone, equations (6-1)
will be valid If P and H are put equal to zero. Then

C =0 )
Mm= -M 8in a sin o
MR= -M cos @
. (k)
T = «M co8 a sino
Vm=0
-

and equation (b) will become

2nm | 4,2 2 2 2 2 2 2 2
- R Mcsin“a sin“e . M“cos“o Mccos“a sin“e
Ur = 2¢os aj; [ BT * BT * G1p :ld(p
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and, after 1lntegrating and collecting terms,

_ 8nw%(D ( 20 26 )
Up = EE?~Q§) cos a + =% sin a tan a + T o0s a (1)

The total work done by the external moment M will equal

the total stored energy of strain, or

Myy _
< = Ur

where M equals the angle of rotation of the applied

moment M and then

— 16nM(D)
Yy = < |F (7-5)
M Gdng
where
Fy = cos a + %g s8in a tan a + ﬁ—g%g—a (7-6)

Rquation (1) is verified by reference 1.

Now that the axial deflection, lateral deflection,
and rotation have been determined for the condition of an
axlal force, a lateral force, and a bending moment each
acting separately upon the spring, it will be convenlent to
develop equivalent rigidity factors. The term, equivalent
rigldity factor, 1s used rather loosely but, for the purpose
of this paper, shall apply to helical compression springs
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and shall correspond to the rigidity factors for a struectural
member of solid circular cross section. For instance,

Figure 18(a) represents a structural member rigidly fixgd at
one end. The cross sectlion 1s assumed solid and circular
with a radius equal to R. The loading P, H, and M,
sach acting alone upon the member, produces distortions
measured by &p, Ay, and vy, respectively. ILet E -
and G represent the modull of elasticlity and rigidity as
defined previously and let A and 1 represent the cross-
sectional area and moment of inertia of the cross section
about the axis of bending. From basic mechanlcs of materlals
theory, the following relationships for the structural
member shown in Figure 18 can be verified. The deflection

under axial load P, Pigure 18(b), will equal

G‘Ji"d
it

6p =
and the compressive rigldity will equal

(AE) = g—g (m)

The rotation of one end with respect to the other end under

pure bending M, Figure 18(¢), wlll equal

- L
Ym*'p"
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where p equals the radius of curvature of the elastic

axis. Furthermore,

p=8
so that

- ML

™ T BT

and then the flexural rigidity will equal

ML
E T
(BI) Yy (n)

The maximum lateral deflection, Ag, due to the
application of lateral forces H, Figure 19(a), results from
both shearing and bending deformations of the cross section.
For most structural members, the shearing deformations are
small compared to the bending deformations and usually are
neglected. However, since thls example 1is being developed
as an analogy for helical springs, the shearing distortion
will be included. Filgure 19(a) represents the distorted
structural member, rigldly fixed at one end, and subjected

to lateral forces H and a bending moment
M = HL

Figure 19(b) represents any differential element, da, of the
member center line subjected to the lateral force H which

can bs resolved into components parallel and perpendicular
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to the center line. The angle of curvature & wlll Dbe

assumed small so that

H sin =

i
o

ard

He

H cos @

The shearing force on any cross section will be

V=H

which will produce distortion resulting in a deflected shape

having a constant slope equal to

V - NH
ey T (o)
The curvature of the deflected shape due to shearing
distortions will then equal
a /vy -
a;(az) 0 (p)

The broken line in Figure 19(a) represents the constant
slope distortion of the elastic axis due to shearing
deformations of the cross sections. The solld line
represents the total distortion of the elastic axls due to
the sum of the shearing and bending deformations of the
cross sectlons. From basic mechanics of materials, the

curvature of the elastic axis can be expressed
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gfg _ M - Hz _ HL _ Hz (q)
az Bl BT - EI

which 1s due to bending only, since from equation (p), the

‘shearing curvature equals zero. Integrating equation (q)

-
o HLz
@ - ﬁ“*cl
be (r)
2
y = §§%~ - %%; + Cyz + C2

where C, and C,; are constants of integration which must
be adjusted to satisfy the boundary conditlons.

Flgure 19(c) represents the fixed end of the member
under the action of shsaring deformation alone. The broken
line represents the dlstorted elastic axis and has a
constant slope given by equation (o). Since the end is
fixed or clamped, the end cross section will remain
perpendicular to the Z-axis. Figure 19(d) represents the
fixed end of the member under the actlion of both shearing
and bending deformations. The solid line represents the
distorted elastic axis. It is seen, therefore, that at the
fixed end, If shearing deformations exist, the distorted
@lastic axis will coinclde with and be parallel to the
' distorted axis caused by shearing deformations alons amd

will not be parallel to the original or Z-axis.
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At the origin of the coordinate axis, the boundary
conditions require that the deflection and slope of the
distorted elastic axis, represented by equations (r), must
c¢oincide with the deflection and slope of the elastic curve

caused by shearing deformations, or

S
o8
N—
8
1
o
i
=l

from which

sl

resulting in

_ HLz2 - Hz3 + NHz (s)
Y = PRI GEI * GA 8

Using the expression for the distorted elastic axis,

equation (s), and the limiting condition

(¥)z=p = 8y

the lateral deflection under lateral loading will equal

A = HL3 , NEL
= %ET ¥ G&
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and the shearing rigidity will equal

() = — L

LY (v

b = 3(ETY
Equations (m), (n), and (t) are the rigidity factors
corresponding to compression, flexure, and shear,
respectively,. for a structural member with a solid circular
cross section. Using equations (7-1) and (m), the equivalent

compressive rigidity for a helical spring will equal

(BA)g = ﬁ-—(ﬁg—) (7-7)
a/ P

Using equations (7-5) and (n), the equivalent flexural
rigidity for a helical spring will equal

oal (&) (7-8)

16(§)FM nd

Using equations (7~3), (7=4), (7-6), (t), and (7-8), the
equivalent shearing rigidity for a helical spring will equal

(BI)g =

(on), = —498= (L) (7-9)

. 8(2)3 G cos a
7 d E
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Equivalent rigidity factors are discussed and derived
;T} in references 1 and % for c¢lose colled springs and

equations (7-7), (7-8), and (7-9) are verified for the
condition of the coil pitch angle a Dbeing very small.

Let Pigure 20(a) represent a structural member with
a solld circular cross section subjected to an axial force
and a lateral deflsction with the ends remalining nomlnally
parallel to the original axis. The term "nominally parallel"”
is used since it was determinsd previously that, only for
the conditlion of shearing deformations being negligible, 1is
1t reasonable to assume the ends of the distorted elastic
axls parallel to the original axis., Figure 20(b) represents
any differential element, ds, of the distorted elastic axis
subjected to the lateral force H which can be resolved
into components parallel and perpendicular to the axis. The

angle of curvature 6 will be assumed small so that

H sin 6 =

H
o

ang

na

H cos 8 H

The shearing force on any cross section due to the lateral

forces H will be



20k
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which willl produce distortion resulting in a deflected shape

having & constant slope sequal to

aa
GA

(u)

2l

The curvature of the deflected shape due to shearing
deformation produced by the lateral forces H willl thsn

equal

%5(§%) =0
Figure 20(c¢) represents any differential element, ds, of
the distorted elastic axis subjected to the axial force P
which can be resolved into components parallel and

perpendlicular to the axls. The angle of curvature @ will

be assumed small so that

Ps8in® =P tan © = P

212

and

Pcos 6 = P

The shearing force on any cross section due to the axial

forces P will be
v=rpg

which will produce distortion_resulting in a deflected shape

having a slope equal to
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Vv _ NP d
3K = G4 ar
The curvature of the deflected shape due to shearing

deformation produced by the axial forces P will then equal

fov

a2
%(a-v-ﬁ) = -@-g—z% (v)

Equation (v) is verified by reference l.

The broken line in Figure 20(a) represents the
distortion of the elastilc axis due to the shearing
deformations of the cross sections caused by the lateral
forces H and having the constant slope expressed by
equation (u). The solid 1line represents the total distortion
of the elastic axis due to the sum of the shearing and
bending deformations of the cross sections. |

The curvature of the distorted elastic axis will equal

the sum of the bending and shearing curvatures and will equal

2 2
d g - M- Py ~Hz _ NP 4 g
dz El " oK dz (w)

Integrating equation (w)

ay - H
Eg = -aCjy 8in az + aCp cos az - 3

> (x)

y =Cy cos az + Cp sin az + -%z
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where

P

a2 = T P\ (7-10)
EI(l - @)

and C; and Cp are constants of integration which must be

adjusted to satisfy the boundary conditions. Using the same

reasoning that led to the derivation of equation (s), at the

origin of the coordinate axis, the boundary conditions will

be
(y)z'-:O =0
%1 .. NH
2 z=0 ‘(}I
from which
R ¢
C1 =-%

- B NP
02 -E"P'(l +'G-K>

and then equations (x) become

%—g=%§sinaz +%(1+-g—-§)coa az-%

A (7-11)
= ¥ B NP M_&E
y = -% cos az+ap(l+GA)sinaz+P-Pz
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Using the limiting condition

and equation (7-11), the lateral deflection will equal

A = % (1 ~ cos aL) + %lis_%‘lf&(l + %};—) - ] (7=-12)

From statics and symmetry

2M = PA + HL (7-13)
then
oy| —REE (14 0) - (1 + cos aL) (7-14)
b= 5 )
P 2 3;2 8L (1 + J)
_ ]
PA 1 + cos alL
oo A (7-15)
PlE=inal 4 gy - (1 + cos al) ’
_ PA SRR A
M= 515 sin aL (7-26)
L (1 +J) - (1 + cos aL)
where
al = [. fE;]" (7-17)
_Np _NPg/p
T=8 61“<FE) (129
TPE]

pg = T3 (7-19)
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The total axial deflection of the member subjected to
the combined loading shown in Figure 20 will consist of com=~
pressive and curvature deformations. From baslc mechanics

of materials, the compressive deflectlion wlll equal

bp = &5 (7-20)

The curvature deflectlion is equal to approximately the
difference between the length of the deformed elastic axis

and the length of the chord L, which from reference 5,

8 = %J;L (%%)Zdz

and using equations (7-11), (7-13), (7-15), and (7-16)

2
()C = éff {PA ) [ sin aL cos aL]

) I: sm ain ab ..e aL)(l + JP - Lpé-;—rlrﬂ‘-(l+ J) +2] +

(%l:i)(%%) Ein‘zaL(l +J) - 2(1 - cos aLﬂ} (7-21)

The total axial deflection will equal the sum of the

equals

compressive and curvature deflections or

8 = bp + b (7-22)
where ©6p and 8y are expressed by equations (7-20)
and (7-21), respectively.
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Bquations (7-15) through (7-22) determine the lateral
force and axial deflection for a structural member, with
80lid circular cross section, subjected to an axial
compressive force and a lateral deflection with the end
cross sections remaining perpendicular to the original
elastic axis. In order for these equations to be applicable
to a helical compression spring, the rigidity factors (EA),
(BI), and (GA) for the solid circular member need only be
replaced by the corresponding rigidity factors (BA)g, (BI)g,
and (GA)g for a hellcal spring, expressed by equations (7-7),
(7-8), and (7-9), respectively.

The member of Figure 20(a), subjected to an axial
force alone, will now be Investigated for stabllity. Let
Figure 21 represent a structural member with a solid
circular cross section subjected to axial forces P, a
bending moment M, and a lateral deflection A. This
condition 1s discussed in reference l; but will be carried
out in some detall here as an aild in clarifying the analogy
between the solid structural member and the helical spring.
The curvature of the distorted elastic axls will equal the

sum of the bending and shearing curvatures, and will equal

[

2
Sy-M_Fy, I (y)
az2 ET GA

dza
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Integrating equation (y)

dy .
Hg = -acl sln az + aCy cos az
(z)

o=

y = Cq cos az + C, sin az +

where a 1s defined by equation (7-10), and C; and C>
are constants of integration which must be adjusted to
satisfy the boundary conditions. At the origin of the

coordinste axis

(¥) g = O
@)
2/2=0
from which
- M
Gl - --P-
Co =0

and then equations (z) become

dy - Ma
E% T sin az

y = —% cos az +

(7-23)

o

Using the limiting condition
(¥)pzy, = &

and equations (7-23), the lateral deflection will equal
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A= % (1 - cos al) (7-24)
From statics
M- -2
7 = A (7-25)
then
cos al. = O
ard
al = %, %}, %;, etc.
The critical load 1s obtained by using the smallest
value of al; therefore, using % and equation (7-10)
1/2
2
PCRL _ %
NPca)
air - 8
or
_T_
Pop = (7-26)
CR NPg

1+m

where Pp 1s expressed by equation (7-19).

For the case of a structural member with hinged ends, .
it 1s evident from symmetry that each half of the bar is in
the same condition as the entire bar of Filgure 21 and for
the case of fixed ends, each quarter of the bar may be

represented by Figure 21. Hence for hinged ends



s

Pp

PCR = ""‘"‘lﬁ,‘é (7'27)
1+ 3%
and for flxed ends
LPg
Per = ——_—EE?E- (7-28)
1+ =4z

Owing to the effect of shearing forces, the critical
loads for hinged and fixed end bars are diminished by the

ratios
1
NPg
T
and
WPy
1 + Gk

respectively. Generally, for the case of solid bars, these
ratlos differ very little from unity so that the shearing
effect may be neglected. However, for the case of helical
springs, the shearing effect should be considered and, in
order for equations (7-27) and (7-28) to be applicable to
helical compression springs, the rigidity factors EA, EI,
and GA for the solid circular member need only be replaced
by the corresponding rigidity factors (EA)g, (EI)g,

and (GA)g for a helical spring'expressed by equations (7-7),
(7-8), and (7-9), respectively.
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The structural member, represented by Figure 20(a),
subjected to axial forces P and a lateral deflection A
with the ends remaining nominally parasllel to the orlginal
elastic axis Z 18 faced with the same instability problem
as if only the axlal forces were acting. For the straight
bar sub jected to axlal forces, the critical load, expressed
by equation (7-27) or (7-28),may be defined as the axial
load which is sufficlent to keep the bar in a slightly bent
form. In other words, the criticel load will hold the bar
in a slightly different configuration from.the original.
For the initlally distqrted bar of Figure 20(a), the
critical load may also be defined as that axial load which
will hold the bar in 8 slightly different configuratlon.

Assume, before axial forces are applied, the bar
represented by Figure 20 1s subjected to a lateral
‘deflection A with the bar ends remaining nominally
parallel to its original sxis Z. At each end of the bar,
there will be the reactions H and M and the distorted
elastic axis will appear as shown in Figure 22(a). The
application of the axial forces P decreases the reactions
H and M. As P 1increases, M approaches zero while H
passes through zero becoming negative as indicated in
Pigures 22(b) and 22(¢). The distorted elastic axis will
malntain the same general configuration until M equals

zero, at which point, the loading and shape become unstable
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and either of the two forms shown in Figures 22(d) and 22(e)
may prevail, The critical axial load will then be that load
for which M equals zero.

For convenience, rewrite equations (7-15), (7-16),

and (7-21) as follows:

r“ ‘—-l
AL P 1l + cos alL
e (7-29)
Pgd T Pg|2 8:2 8L (1 + J) - (1 + cos aL)
. 2 sin al N
24 _» —ar (2 *T) (7-30)
PE PEE S;n al (1 + J') - (1 + COS8 Q.L)
6 2
2+ (-
where
&)
P 2
R e e ]
%)
(Fes)
Prpd
EP IKJ_ + sigLaL cos aL>(1+ J LLSin (1+J) +2:l
(i%.') |

(7-32)



N

218

By combining equations (7-29) and (7-30), there results

P -8 I (7-33)

ot e Gwup——y

Py Pgd  Pgh

As g% increases, the following conditions are obtained:
p a
BE ,
aL = 0
12
AL _ 2 _ 2 > (7-3L4)
PEA - PEA - 12<NPE) ’
A\
A ) A
I 360 Pgpa
HL ~
Pph 0
alL = nw
. (7-35)
P -2M - 1
Pg  PgA NPg
1+
_ 1/m\2
2=
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2N _

Pgh  °

al, = 2%

P _HL _ L - (7-36)
P A NP

B TR 1*'1*(5@2)
Z=&E+(1+J)2]

It 1s seen that the third of equations (7-35) is
apparently the same as equation (7-27) and the third of
equations (7-36) is apparently the same as equation (7-28).
However, the equations are not truly equivalent for the
reason that the terms Pp and GA are functions of the
length L which in turn is a function of both the axlal
force P and lateral deflection A. Therefore,
equations (7-27) and (7-28) will ve identical with
equations (7-35) and (7-36), reaspectively, only for the
particular case when A equals zero. For the condition of‘
a8 solid structural member with circular cross section com-
posed of carbon or alloy steel, the difference between the
free length and ﬁhe loaded length will generally be so
slight that the use of the free or original length Ip for
all values of L will sascrifice very littls sccuracy.
However, for helical springs, the loaded length must be

taken into consideration and will be done so in section 9,

Design.
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Equations (7-%6) represent the unstable or critical
condition for which the distorted elastic axls may change
form and may be defined as the limiting condition of
instability. Figure 23 is a graph of equation (7-29) which
includes conditions (7-3L) through (7-36). The broken line
represents the limiting condition of instabllity or change
in configuration.
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8. UNIT STRESSES

The forces and moments acting upon the wire cross
section ABCD due to the combined losding P, H, and M
shown in Figure L will produce shearing and normal stresses
on the face of the cross section. With the aild of
equations (6-1), the stresses st the points A, B, C,
and D can be determined and combined into principal
stresses.

The principal stresses on the cross section, due to
an axial force P only, will be maximum at point B as
discussed in reference 6. Furthermore, the helical
compression springs are designed primarily to support an
axlal force and while addltional loading such a8 H and M
Increase the stresses they are generslly not of primary
importance. Therefore, the principal stresses will be
determined for point B of the wire cross section and used
for the design of springs subjected to an axial force and a
lateral deflection with the spring ends remalning nominally
parallel to the original coll axis. It 1s conceivable, of
course, that a loadlng system could be chosen so that some
point other than point B would have maximum principsl
stresses. That situation will not be considered here,

however, as it will be shown later that the maximum lateral
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deflection will be a function of the axial force P 8o
that P will always remain the primary load.

At point B, Flgure ly, there are four force énd
moment components (C, My, T, and V,) that contribute to
principal stresses. The compression force C produces

uniform normal stress over the cross section which equals

c
oC = %

where
g2
A = =~ cross-sectional area

Using equations (6-2), the uniform normal stress becomes

LP_

on T Fq 8in a (a)
c mae 1

The bending moment M, produces maximum normal stress at
point B which equals

- Myg
12

where

wdh
I= EE_ diameter moment of 1lnertisa

and Kp is the curvature correction factor for bending
stresses. Using equations (6-2), the bending normal stress

becomes
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opg = ﬂiPR KgFo 8in a (b)

The torque T produces shearing stresses which are normal
to and maximum on the perimeter of the cross section and
which equal
. T d
Tt T2 Ks

where
TrdlL
Ip = 32 polar moment of 1nertia
and Kg 1s the curvature correction factor for shearing

stresses. Using equations (6-2), the torque shearing stress

becomes

. = LOPR
T nd’

Kg F), cos a (c)
The shesaring force Vh produces shearing stresses which are

maximum along the diameter BA. Assuming the distribution

1s uniform, the stress equals

where

2
b
A= *E" crosg~-sectional ares
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and Kgq 1s the curvature correction factor for shearing
stresses. Using equations (6-2), the shearing stress

become s

P .

m

The total normal stress acting at point B equals

the sum of the compressive and bending stresses.

O'=GC+O'B -

or
o = 33%5 sin GCFEFZ + g% F1> (o)

The total shearing stress acting at point B equals

the sum of the torque and direct shearing stresses.

‘f::"CT +"E’S

or
=16PRK cos a(F +dF> (f)
T b7 LIRS
With reference to equations (6-3), it 1s apparent
that
F‘2=F1+F7
where

( + 1 - A sin ? (g)
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Then equation (e)'may be written

§2PR da
= sin a{KrF4q + KpF~ + F
o d <B 1l B~ 7 HD l)

or
_ 32PR d

The term f% will be small compared to Kg (for practical

reasons never greater than fg). Therefore, it will be
conservative, with 1little appreciable error, to write

equation (h)

o = %g_g Kp + %)sin a(Fy + Fq) (1)

The curvature correction factor for bending, Kg, 18 glven

in reference T as

1 1
Kp = 1 + 0.4j125 " + = (3)
® @ -1 3 “

F1 ¢ 17 contalns t of + 4 D,
gur 7 conta a plot o (KB EEQ against 3

With reference to equatlons (6-3), it is apparent
that

Fu-':Fs"'F?
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Then equation (f) may be written

16PR 4
T = "ds KS co8 G(FB + F'? + "Z'T)' Fs)
or
_ 16PR d
T = wd3 Kg cos a[(l + §3>F5 + F% (k)

Since the term 'é% will be small compared to 1 (never

greater than %), it will be conservative with little

appreciable error to write equation (k)

_ 16PR d
T = "d3 Ks(l + 5‘5)(308 Q(FB + F7) (1)

From reference 6, it is seen that the term

KS<1 + -2%> = Ky Wahl factor

where

(§> -1 . 0.615

iy =
W@ -4 8

(8-1)

The Wahl factor Ky 1s the correction factor for curvature "
and fatigue developed by A. M. Wahl for hellcal springs
sub jected to an axial force. Figure 17 contains a plot

of Ky against g—.
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A comparison of the two quantities (KB + ﬁ%> and Ky
shown 1n Flgure 17 shows that it willl be a safe assumption to
write equation (1)

5 = 32PR

EyF2 8in a (8-2)
mad

Also, equatlon (1) can be written

16PR
a2

T -

KyF), cos a (8-3)

Equations (8-2) and (8-3) give the resultant normal
and shearing stresses, respectively, at polnt B of the
wire cross section. Each equation for resultant stress
contains the same correction factor for curvature and
fatlgue Ky defined by equation (8-1).

The resultant normal and shearing stresses are

related to principal stresses by the following relationships.

[(%)2 + 'v?] 12 (m)

max = 5 %
min
and
_ Smax " %min ,‘

Substituting equations (8-2) and (8-3) in equations (m)

&
and (n), there results
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16PR 2 2 )1/ 2
O max = d3 Kw[%e sin a % (F sin“a + Fh cos“a (o)

min
1/2

T max = 1§§R Kw(?azsinaa + Fuacosza (p)

With the use of equations (6-3), expanding and collecting

terms, equations (o) and (p) become
ooy = S22 KWE‘E sin a + F] ) (8-ly)
max = .3
8pPD

T = =% KyF (8-5)
max = 03 Ky 5

whe re

F = {[} + (%% % - %%)sin %}2 + (%)Zooszm}'l/z (8-6)

For the symmetrical loading condition expressed by
equation (7-13) where

equation (8-6) becomes

2 1/2
2Hz . 2y _ A _ ;H.I:) (§)2 2
[1 * (PD "5 "D sma T \p/ eos¢ (q)

g
ti
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An inspectlon of equation (q) shows that it 1s maximum when

q
i
N
il

I
0 and ¢P—2

or

and will equal

F=1+ % + %—g— (8-7)

Also, when F 1is maximum, Fa 1s maximum and equals PF.

Therefore, equations (8-l) and (8-5) become

O pax = izg Kg(l + sin a)(\ + A + %% (8-8)
8pD A . HL
Tmax = % Kw(l +ot '{:‘ﬁ) (8-9)

which determine the principal stresses at point B of the
spring wire cross section, Figure L. It 1is seen that
equations (8-8) and (8-9) are equivalent to the principal
stresses at point B due to an axial force P, acting alone,
when multiplied by an amplification factor F defined by
equation (8-7). The subscript max, associated with o

and 1, refer to the maximum principal stresses at point B
near each end of the spring helix. Henceforth, when stresses
in éhe spriﬁg are considered, the maximum stresses defined

by equations (8-8) and (8-9) shall govern. Therefore,
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max may be dropped and the stress equatlons

o= §22 Kyg(l + sin a)F

vd5

8PD
T = P
nd5 “w

wvhere F 1is defined by equation (8-7).

(8-10)

(8-11)
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9. DESIGN

The previous sections have led to the development of
deflection and stress equations for helical springs loaded
in a specific manner. The maximum stresses result from the
stresses due to axlal loads combined with the stresses
caused by lateral deflection with the spring ends remalning
nominally parallel to the original coll axis. Although this
is a specilal conditlion, the deflection and stress equations,
in thelr present form, are too general for convenlent design
usage. In order to provide convenlent design formulas and
graphs, certaln basic assumptlons are necessary.

The axial load wlll be assumed to be the most
Important component of the combined losding so that the
helicel spring will be designed primarily to support the
axial loading. The total stress, resulting from the
secondary stress, due to the lateral deflectlon, combined
with the primary stress, must be less than a predetermined
allowable. Furthermore, in order to satisfy stabillity
considerations, the lateral deflection will be governed by
the axlal load. Before considering the effect of the
secondary loading, foriulas and graphs for the deslign and
analysis of the primary loading will be developed. Many
handbooks and trade publications give formulas, tables, and

graphs for the analyslis and design of hellcal springs

Ed

e
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subjected to axial load. However, they are not convenilently
arranged for combining with the secondary loadlng consldered
in this paper.

From equations (7-7) and (7-20)

or = 328 o)
or
) P = _.EEEE_~ (9-2)
sn(.g.)%P

and from equations (8-7) and (8-11), for the condition of an

axial force only,

.. 8pDp
TP - ;5'3' Kw (9"5)

Combining equations (9-2) and (9-3)

GOpK;
PR
P - > (9-4)
nwd(%) FP
For the condition of solid length
68Ky
Tg T T2 (9~5)

where, from equation (1-15)

5 = n(pp - d) (a)
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and from equation (7-2)

. Fpg = cos ag + %g sin ag tan ag (v)

but since ag 1s small, and from eguation (1-12)

FPs = 1 (c)

Using equations (a) and (c), equation (9-5) becomes

T, = 'i?;z'(?g - > (9-6)
")
which is plotted as a nomograph for Figure 2l.

The usefulness of a helical spring as an elastie
medium depends upon 1ts axlal deflectlion range which is
the difference between the free and solid lengths.
Generally, the spring will be designed to support a loading
system with an axlal deflectlon somewhat less than the solid
deflectlion, for when the spring 1s compressed solid, its
usefulness as an elastic medium is ended. However, it 1s
conservative, and good design practice, to deslign the spring
8o that the maximum allowable stress occurs at solid
compression and not before. Figure 2, will enable the
des%ghar to determine readlily the relationship between the
ratios g and %? for a given wire material, represented
by G, and an allowable shearing stress at sblid compression,

repreaented by <g.
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It will be convenient at this point to discuss basic
properties for the more common applications of hellcal
springs used as elastic structural medium. The spring wire
material will be assumed to be carbon or alloy steel with a

Poisson's ratio

v = 0.3% (a)
From reference 8
G . 1
E  2(1+ v) (e)
and using (d)
G .
T 0.385 (£)

The design stress will be assumed to be the shearing
principal stress since the elastic 1limit iIn shear, for
spring steel, 1s lower than that for tension and compression.
The maximum allowable shearing unit stress will be assumed
to occur when the spring is compressed solid under the
action of an axlal force alone.

Reference 9 tabulates the shearing modulus of
elasticity G and the shearing elasstic limit with reapect

to varlous spring wire materials. For carbon or alloy steel

10,000,000 psi £ ¢ £ 11,500,000 psi (g)

Furthermore, reference 9'provides,graphically, values for

the maximum allowable shearing stress at solid compression
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with respect to spring wire material and spring wire
dlameter. PFor carbon or alloy steels, helical springs with
wire dlameters in excess of 0.5 inch are generally hot-wound
from hot-rolled bars. The torsional elastic limit for hot-
rolled bars is less than that for cold-rolled wire of the
same material and may be within the relatively low range

of 75,000 to 110,000 psi. Consequently, the allowable
shearing stress at solld compression will be less for hot-
rolled bars than for cold-rolled wire of the same material.
Figure 25 gives the relationshlp between the allowable
shearing stress at solid compression and wire diameter for

several different spring steels. A value of
tq = 80,000 psi (h)

is conservative for small wlire dlameters but reasonable for
large wire dlameters.

Figure 26 is a plot of equation (9-6) for conditions
(g) and (h) and gives the relationship between the ratios

and %; which maintains a shearing stress at solid

o

compression equal to 80,000 psi. It is seen that the range
or bandwidth governed by condition (g) is relatively small

so that a mean value of

¢ = 10,750,000 psil (1)
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represented by the broken line wlll reasonably approximate

all practical applications. Furthermore, for the purpose

of this paper, the limits of the ratio g shall be taken as
h<3 <10 (3)

which include all practlcal application of heavy duty
aprings.

Included with Figure 26 is a table listing the
corresponding values of the ratios g and %? corresponding
to conditions (h) and (1), The graph and table of Figure 26
are included 1n this paper as a convenience to the deslgner
for there will be many applications where a shearing stress
at solid compression of 80,000 psi 1s convenient, especially
for large dlameter wire. However, the theory is in no way
restricted to its use and applications for hlghpr stresses
may be easily determined. It should be pointed out that
equation (9-6) and the graph and table of Figure 26 include
the stress concentration and fatigue factor Ky.

With the ald of Pigure 26, a good indication of the
magnitude of the pitch angle a and the factors Fp
and Fy used in equations (7-7), (7-8), and (7-9) may be
obtained. For any given compression spring, the pltch
angle a wlll be greatest at free length and smallest at
solid length. From equation (1-6)
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Pp
-
D
d

tan ap = % (k)
Using the values from Figure 26, for the range defined by
condition (J), it i1s seen that tan ap will be small.
Therefore, using condition (f) and equations (7-2)

and (7-6), for all practical purposes,

cos a =1 h
Fp =1 > (9=-T7)
FM = 1.77

since for any applled compressive force, a willl be smallsr
than ap. For the case of a tenslon spring, a wlll be
smallest at the free length condition and largest under the
applied loading so that the pitch angle may not be able to
be considered small. Consequently, equations (9-7) may
not be valld for a tension spring.

With the aid of conditions (9-7) and equation (a),

equation (9-2) may be written

L BE-
o3

(9-8)
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which is plotted as two nomographs, Figure 27 and Figure 28,
Since, from conditions (9-7), Fp equals unity, the axial
force per unit deflection will be constant, dependent upon
only the physical properties of the spring. This value 1s
termed the "spring constant" and from equation (9-2) will

equal
k = L. = 8 (9-9)
Bp D\
81’1(3*)

which is plotted as two nomographs, Figure 29 and Figure 30,

The usual procedure in designing helical aprings 1s to
determine by trial the physical properties which will satisfy
given loading and deflection requirements and assumed
materialvcharacteriétics. Generally, the axial load P,
the spring constant k, and the lateral deflection 4 will
be the glven loading and deflection requirements. The
assumed msterlal characteristics will be the wire material,
the torsional modulus of elasticity G, and the allowable
shearing stress at solid compression «<,. As mentioﬁed
previouély, the effect of the lateral deflection will be
assumed to be secondary so that the initial design of the
spring will be for axlal load only.

The three equations, (9-6), (9-8), and (9-9)

rewritten as equation (9-10)
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(9-10)

i

Gd
Sn(-g)3
-
are necessary and sufficlent for designing or analyzing
helical compression springs subjected to axial forces only.
The stability considerations are not included. The
nomographs, Figures 2l, 27, 28, 29, and 30 will aid the
designer in obtaining solutions for equations (9-10). The
only consideration that need be glven to the effect of the
lateral deflection A, in the preliminary design for axial
force only, is to assume a ratio ;f that 1s relatively low
s0. that there will be sufficient axial deflection remaining
to prevent clashing of coilg. A value of gs in the
neighborhood of 0.5 is generally a good trial value
especially for springs supporting heavy vibratory loading.
The problem of lateral buckling of compressed close-

coiled helical springs 1s discussed in reference 3. The

more general case for open-coiled springs wlill be developed
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here, From equations (7-27) and (7-28), the critical load

for a solid strut will equsal

CPE
Por = *"*—-—ﬁ§g (9-11)
1 +C G
where
C =1 hinged ends
(1)
C =l fixed ends

For a helical spring, using equation (7-19)

Cn(EI),
—— LZ -
Por = Ceo Nme(EI)g (5-12)
+
Lz(GA)S

also, the axlal deflectlion due to the critical load will

equal
PGRL
GCR :W;:LF - L (9"15)
or
- L
Por = E-FT**(EA)a (9-14)

Combining equations (9-12) and (9-1L), and using the
equivalent rigidity factors expressed by equatlons (7-7),
(7-8), and (7-9), there results
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& - @) bR e o

where
A w2G co8 a
1= I M
L (m)
wr
A, = 2?._._
2 M

et

Equation (9-15) has one real positive root which
determines the ratio %% at which buckling of the spring

occurs. Equation (9-1ll) may be written

or

PCR -
=1 (Lp) (9-16)

where (EA)gp 1s the equivalent compressive rigidity for a
hellical spring for the free length condition which, from
equation (7-7), will equal

2
(EA)gp = "'%25“*(§§) (9=-17) -
8(5) FP #

Combining equations (9-13) and (9-16), there results

Scr _ Pca _
Ip ~ TEA)gp (PF) (9-18)
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where ﬁ? 1s determined from the cubic equation (9-15).
For the open-colled case, the critical buckling\
deflection 50R and the critical buckling force Ppp are
dependent upon the coll pltch angle a &8s well as the
physical~and material characterlistics of the spring.

If the spring material 1s carbon or alloy steel
satisfying condition (f) and 1s within the range defined by
condition (j), then, for all practical purposes,
equations (9-7) will be valid. Using equations (9-7)

and (m), equation (9-15) becomes

%)3 ) <%>2 ' E‘i%(%) - ‘E‘,’_‘glg‘c‘ =0 (9-19)
5

D
which is the case for close-colled springs and conforms to
the corresponding equation in reference 3. Also, using

equations (1-7) and (9-7), equation (9-17) beccomes

2
_ _6d (?F)
(EA)sF = TN T (9-20)
(8)
For the close-coiled case, GCR and PCR are
determined from equations (9-18) and (9-19) and are

dependent upon only the physical and material characteristics

of the spring. Figure 31, included iIin reference 3, is a
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graph of the combined equations (9-18) and (9-19). The
fixed end condition of Figure 31 is included in reference 9.

From a safety standpoint, it is advisable to design
the spring so that the critical load does not occur before
solid compression., Assume that PCR is equal to the load
at solid compression Pg. Then, from equations (1-7),

(1-10), and (9-18)

P P 'paF‘ 1
CR_ - 8 . N -
(Ehgr  (Bhap or (9-21)
q
and
D
_ 1?) a
n = (‘b“ Z (9-22)
T

Figure %2 1s a graph of equations (9-21) and (9-22),
plotted with the aid of Pigure 31, for the particular values
given in the table of Figure 26 and satisfying conditions
(h) and (1),

The deslign requirements for helical springs, subjected
to axlal loading only, which will insure stability for the
entire loading range, from free length to solid length, are
determined by equations (9-21) and (9-22) and Figure 32,

These requirements, rewritten as equations (9-23),
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Pp A
P _ Py _ T -1
(EAjsF - Tﬁﬁ)s? B Pp

a

Figure 32 - (9-2%)
D
< (B
q

together with equations (9-10), are necessary and sufficient

o4

for the design and analysis of stable hellcal compression
springs subjected to axial loading only or for the pre-
liminary design of helical compression springs subjected to
axial forces and a lateral deflectlon with the spring ends
remaining nominally parallesl to the original coll axils.

As 1ndicated in Figures 31 and 32, there 1s a cholce
of two separate curves; the hinged end and the fixed end
condition. If the seating of the spring agalinst the base
plates 1s square, and especially as indicated in Figure'2(b),
the fixed end condition will be approximated. Reference 9
recommends the use of the fixed end condition.

In order to insure that the helical spring, subjected
to axial compressive forces P; and & lateral deflection A,
is always stable, it will be necessary to restrict the

maximum A. The assumption will be made that the spring
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ends are not clamped but that the axial force P 1s always
sufficlently large so that the end cross sections are
always in full contact with the loading plate. This
assumption results in the same theory that applies to
clamped or fixed ends with the exception that the limit

of 4 1is dependent upon P. The end conditions of the
helical spring, represented analogously by & solid member
with circular cross section of dlameter D, are i1llustrated
in Flgure 33, Since the spring ends are not fixed, the end
moments must result from the eccentric application of the

axlial forces and will equal
M = Pe (n)

where e 1s the eccentricity. Using equations (7-13)
and (n),

@

it
N

+
Nl

(o)

In order for the end faces to be in full contact
with the loading plates, the force P must be within the
middle kern of the end faces. Considering the end faces
of a coll spring to be a thin annulus, the boundaries of

the middle kern will be E, so that

esﬁ- (p)
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and, from equation (o),

A 1
or
A 1
Ls<d (9-25)
where
- HL -
S=1+ " (9-26)
and, from equation (7-13),
&
oM _ PE
) 8~ ':E' (9"27)
Pg

Using equations (8-7) and (9-25), the stress amplification

factor F becomes

s<2 (9-28)

Ule

F=1+

which, for convenlence, may be written

8 < g- (9-29)

x§

L

et

+
aioiole

Figure 3l is a nomograph of equation (9-29).
The factor S, expressed by equation (9-27), 1is
g

determined with the aid of equations (7-17), (7-18), and
(7-30). Plgures 35, 36, and 37 show, graphically, the
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oM
Pgd ¢

P NP

—P—E—, -G-'-K’ and

relationship between the quantities %%,

If, for any particular application, the values of g% and

NP
=L are known, the value of gg% 1s obtalned from Flgure 37

and then 8 determined from equation (9-27). However, the
P NPg

quantities ﬁE and i are not readlly available for they

are Interdependent with the loaded length L. -
Using equations (7-8) and (7-19)

k- (-0

and, from equations (9-7),

£ 2ok

Using equations (7-8), (7-9), and (7-19)

e
n

(9-32)

NPp _ (na G cos a)(

(GA)g - 2FM E

it | o
N
AV

P

and, from equations (f) and (9-7),

NP 2 °
2 = 1.075 @) (9-33)
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The length of spring, under combined loading, will equal
L=1Lp =5 (9-3L)

and, from equation (7-22),

L=1Lp=- 0 - 8 (q)
or
L =1Lp - &g (r)
where
Lp = Igp - 8p (s)

1s the length of spring due to the action of the P load
alone. From equation (7-31)
A2
5 = T 2 (9=35)
where Z 1s defined by equation (7-32). Equation (r) may
then be written

12 = LpL + A%z = 0 (9-36)

Figure 38 shows, graphically, the relationship
between 2, %%, and %;; and 1t is apparent that Z 18 a
functlion of L. If a value for Z could be assumed,
reasonably close to 1ts true value, then equation (9-36)

would become, approximately,
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1/2
L -1l.1 FING .
E-th[-(h)ﬂ (9-37)
which could be further approximated
L _1.,1 1/2a\2
f’;*itEE‘E(‘ﬂ; "*} (9-38)

and using the positive sign

2
= =1- (‘r:;) z (9-39)

or

A2
L
.g.".:..}:l__(.a_Lz (9.)40)

Generally, the second term in the bracket of

equation (9-40) will be small compared to unity so that

e [

~ i‘a?i - g(i’af‘l) - & (9-L1)

A more accurate determination of equation (9~h0), and hence
equations (9-31) and (9-33), may be obtained by combining
equation (9-&1) with equations (9-31) and (9-33) to obtain
first approximations. Using these first approximations and

Figures 35 and 38, a first approximation of Z may be
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obtained, Using this value and equation (9-40), a secomd
approximation for % will be obtained. The entire process
can be repeated so that any degree of accuracy can be
obtalned. However, the use of the first approximation:
only, represented by equation (9-41), will usually provide a
degree of accuracy commensurate with that inherent in the
development of equation (8-7) and its ultimate result,
equation (9-29).

The stability considerations for a helical spring
sub jected to combined loading will be developed in llke

manner to the case of a helical spring subjected to axial

load only. For the fixed end condition

LPgor

Lal NPpop
(GA) gor

where the subscripts CR denote the critical length con-
dition. Equation (9-42) may be written .

L Prcr
Tor . 2sF (9-43)

(GA) R
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where
-
PECR . A2
(EA) gp Log) /Lg 2
=)(3)
. > (9-Lk)
NPgor . Ay
(GA)BCR I‘CR)2<LF>2
Ip )

e’

and where Ay and Ap are defined by equations (m). Using

equations (9-4l), equation (9-L3) becomes

PcR  _ uA2(§§E>

(EA)gp (§§5>2(%;>2 © iy

The spring length, for the critical condition, will equal

(9-45)

Ler = Iy - Scr (t)

and from equation (7-22)

Legr = Ie = Spomr - Scomr (u)

where

5. = PcRLPCR _ Poplp
CPOR T (EA)gpor  (EM)gp

(v)



268

Combining equations (u) and (v), there results

PCR _ _ Scer - _I-_'C_:_g_ -
(EA) gp <? Ip ) Ip (9748

Equating equations (9-45) and (9-46)

}_c__gf (- 500&) Icaf , ey ¥ A2)ﬂ-ca> )

Ip Le /\Lp (_I_g)a \Ip
<1 _Joor) M _ (9-47)
ZE
5

which is similar in form to equation (9-15) and becomes

ident ical when E%gﬁ equals zero.

Equation (9-47) may be rewritten

Lon (P_c.a)z 1p ]
bacr - - Ly | Lp (D) ¥ }-L(Al i AZ)V (9-L8)

IF 1 (_%)2(%2)2 g

and using equation (9-35)

) 2o - (ﬁ;)z (;gﬁ) (9-49)




From equation (7-32)
-1 2
Zor ~1:E + (1 + JCR)]

and from equations (7-18), (9-43), and (9-Ll)

Pp— ey
CR 2/71\2
Ler\“(Ir
=) () + b
or
lch(EF_)z _ Lay(1 - Jcr)
Ip /) \D Jer

Equating equations (9-48) and (9-49), there results

1/2
22 [ b+ 2 o) )]

Lp Ay
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(9-50)

(9-51)

(9-52)

(9-53)

For close colled springs composed of carbon or alloy steel,

using equations (f) and (9-7),

Ay = 1.075

Ay = 2.79

(w)
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then, using the positive sign, equation (9-53%) becomes

m} e 12
o 1+ |1 - LZgp(l + 2-59JCR)(E")
L R LA (9-5L)
Ip 2(1 + 2.59JgR)
Using equations (9-52), (w), and (9-54)
1/2
L.3(1 - JgR) /
2(1 + 2.593gR) 5
z. Sk (9-55)
D " 2] 72 9-5
Equations (9-54) and (9-55) give the relationship
e e A
between -I_-E-, 5 EF'" and Jgp (Zggp 1s a functlion
of JCR). Although Jaop 18 actually dependent upon
both %’CEB. and %E, values for Jgr c¢&n be assumed and the
relationship established between -I-'gﬂ, -I-f-, and & from
Ip * D I
which solutions for equation (9-4,6) can be obtained. There
are two limiting conditlons for equations (9-54) and (9-55).
When % equals zero, the condition of axisl load only
results represented by the fixed end condition of Flgure 31,
The maximum condition for -LQF- occurs when
&
3 1/2
&) = 1 (9-56)
If)max  |FZGR(T * 2.599GR)

For any greater value, %ﬁ. and %F. become ‘imaginar;.
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Figures 39, 4O, amd 41 i1llustrate graphically the
stabllity conditions for combined loading. It is apparent
from Figure L1 that, for values of %? greater than about 5,
there 1s greater stablility for the combined loading condition
then for the condltion of axlal lo8d only. This effect seems
rather unusual for from a physical conception of the problem
it would seem that any glven lsteral deflectlon should pro-
duce a decrease in stabllity for the entire range of %?,
although for slenderer springs, represented by the larger
values of %g, the decrease in stability should become
small., No explanation is'offered for this phenomenon.

The design of a helical spring subjected to an axial
compressive force and a lateral deflection with the spring
ends remaining nominally parallel to the original coil axis
differs from the usual case of an axisl force only in two
lmportent respects. First, a factor F, expfessed by
equation (9-29) and determined with the aid of Flgure 37,
amplifies the stresses that result from the axial force only

as indicated by equation (8-11) which, for convenience, may

be written

&
% ('55)"’ (9-57)

Second, the stability restrictions of Figure L1 must not be

excseded.
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10. EXAMPIE

This section shall be devoted to an example 1llus-
trating the use of previously developed formulas and graphs
for the design of a helical spring subjected to an axial
force and a lateral deflection with the spring ends
remaining nominally parallel to the original coll axis.

Consider the basic requirementé to be

P = 1750 1b
k = 800 1b/in. (10-1)
A = 2.25 in.

Assume the wire materisl is hot wound carbon or alloy steel
with
G = 10,750,000 psi

(10-2)
xg = 80,000 psi
Let the first trial quantity be
2= (10-3)
then, from Figure L2
%? = 1,267 (15-&)

3

which could be obtained from the table of Figure 26, since

o

conditions (10-2) have been assumed. A value of the
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8
ratio 35 in the nelighborhood of 0.5 is generally desirable.

From Figures 43 and Ll

B = 1750

0.75
P

= 0.3 x 102
aae

Op

Bg - 0.7

"

d
> (10-5)

then from Figures L5 and L6

G
o))
!
[
Q
o
X
[
(o]
]
=
~

(10-6)

.J

Sufficient iInformation 1s now available so that the

following results:

2=2:2 =3 (10-7)

q
20 x 1.267 - Bﬁﬁl¥5%77§ = 222 (10-8)
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Pp
£§_=n:§_=go xl‘—’ﬁéz=6.§3 (10-9)
3

g
i
@
L~
'CHU
\N
|

(EA)gp PF 42
a
= 8 x EE%%? X 0.3 x 1073 = 0.1212 (10-10)
&
A
(%)

If equation (10-8) is used as a first approximation,

there results

g+
I

D\/L\_P
B3 2’87n<3)(3)55§
2.87 x 20 x i x 22,42 x 0.3 x 1073 = 1,545

+ b
= 0.386 (10-12)

and

2
( ;.:‘ 1075 % 16 < o.0342 (10-13)

5| 5
=
<]
i
far)
(@
-3
\J
—
il RO



Using Figure 35 and equations

and from Figure 38

then from equation

R

(10-12) and (10-13)

%% = 0,63
Z = 0.67

(9-40)

22-h2(? - 3%3'* o.67>

22.42 x 0,988 = 22.15

283

(10-1L)

(10-15)

(10-16)

It'is seen that the first approximation, represented by

equation (10-8), is sufficlently accurate. Therefore,

using equations (10-12) and (10-13) with Figure 37

ard

From Figure L7

then

2N _
Pgh 0.82
2M
-2 . Pgd _0.82 _
PA P 1.545 0.532
Pg
F = 1,39

Sp\  _ _
)P = 0.57 X 1.39 = 0.795

(10-17)

(10-18)

(10-19)

(10-20)
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and
© = 0,793 x 80,000 = 62,400 psi (10-21)

Using equations (10-9) and (10-11) and Figure 41

Pcr  _

The following physical characteristics, together with
conditions (10-2), satisfy the basic requirements (10-1):

-

d = 0.75 in.
D=3 in.
20 - (10-23)
n =
pF = 0195 in.

e

FPurthermore, the stress under comblned loading

© = 62,400 psi

< 80,000 psi (10-2lL)
and
P -
Ty 0.1212

< 0.35 (10-25)





